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The BTibject of Hjdrodynamica em- 
braces many of the moat difficult prob- 
lems in the range of physical reBearch. 

Although, at all times Httracting the 
attention of the greatest minds, it is only 
within httle over a centuiy past that 
much real progress has been made in 
the solution of the many and compli- 
cated rases presented by the ordinaiy 
phenomena of Fhiid Motion. The names 
of Euler, Lagrange and Laplace in the 
last century, and of Helmholtz, Stokes, 
Thomson, Bayleigh and KirehhofiF in 
this, stand out preeminently as those 
that have done the most to advance the 
theory to its present position- The 
object of the following article is to pre- 
sent in a short space the more important 
points in the Mathematical Theory of 
Fluid Motion, as it has been deTeloped 



by these investigfttora. It ia a want 
severely felt by any one making a study 
of this subject, that there esifits no aepa^ 
rate and complete treatise on Hydrody- 
namics. 

It is a fact, I think, greatly to be re- 
gretted, that the men who do the most 
for the real adTancement of science bo 
seldom present to the world the result of 
their labors and extensive knowledge, in 
any other form than an occasional me- 
moir in a seientiiic journal, or in a com- 
munication to a learned society. There 
are, however, notable exceptions to this 
general rule, as witness; Maswell'B trea- 
tise on Electricity and Magnetism; Bay- 
leigh on Sound, Cayley's ElUptic Func- 
tions, and a few others. If some one 
would present to the pubhc a treatise on 
Hydrodynamics, of the scope of those 
mentioned on other subjects, he would 
certainly receive the gratitude of all 
physical students, and confer a great 
boon upon the scientific world. 

T. 0. 
Bai/tixorb, ApTU, 1879. 



Elements of the -3f_atliematical Theory J 
FLUID MOTION. 



Thb foUowing paper cpii*:aius the 1 
maihematit^ mTestigation ui some of J 
tlie caaea of the motion of meompreeai- 
ble, frictionlesa fltiids. The resjal is .ob- 
tained are to be considered aa a^ljpig 
only to this class of fluids, unleBs the con- 
trary is expressly stated. The paper is ' 
intended to be introductory to a treatine 
which I hope before long to be able to 
publish. 

In a subject so difficult as Hydrody- 1 
namics, there is but httle chance for the I 
discovery of hitherto unheard of proper- 1 
ties of the quantities dealt with, so, in I 
what followa, the reader will not look for I 
much that is absolutely new in the way | 
of fact, although'the arrangement of the j 
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work and in many cases the methods 
employed are my O'wa." *. 

The references to JnB.originEtl sources 
from which informatioiI*haB been drawn, 
are given in every epae, and I trust that 
these referenceff/;t(Jgether Tritli the mat- 
ter contained iii this paper, ■will prove of 
value to anjf one interested in the most 
difficult bijf-^eautiful problem of fluid 
motion. ; '■.. " 

Of. late' years, much lias appeared in 
differen1f_. places upon the subject of 
Hyftijjd^amicB, but, bo far as I am 
a.W&V«, there is no general work either in 
__tGe. 'English, French or German Jan- 
■guflges. The aim of this paper and the 
'.'ta-eatise which wiU follow will be to 
combine in one work, all of importance 
that has been written upon the subject, 
and so enable the student to forego the 
immense amount of researcJj necessary 
in order thoroughly to inform himself 
upon any one branch of the subject. 

The short section which appears upon 
the tbeoi-y of the Potential, is pi-incipally 
taken from Clausius's work upon that 



subject The referencee to theoretical 
mechEiiica are, tmlesB otherwise stated, 
to Thomaon • and Tait'e Natural Philoso- 
phy. Kirchhoff*s Mathematisehe PhysLk, 
and Clifford's Elements of Dynamic, have 
bIbq been consulted. J 

I 

GENEKAL EQUATIONS OP PLOn) MOTIOH. 

Let X, y, Z denote as usual the com 
ponent forces acting at the point (x, y, z) 
of the fluid reckoned per unit of its mans 
—then denoting by p the density of the 
fluid we have for the forces acting upon 
the elementary mass pdxdydz the ex- 
pressions H 

'^pdxdydz, Y pdxdydz, Zpdxdy^; 
Now for the fluid pressiire acting upon 
one face of the elementary parallelopiped, 
say, SySzv/eh&vep Sy6z, p denoting the 
pressure on unit of area ; upon the oppo- 
site face it ia, neglecting powers of 3x 
higher than the fii-st, 
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Consequenfcly the resultant force due to 
fluid pressure acting in the direction oL 
~ the axis x is, vfl 

The equilibrium of this portion of the 
fluid therefore requires that 

with Bimihir expreasione for the other 
pairs of faces. We have thus for the 
equations of fluid equilibrium, 



These three equationa can, of course, be 
replaced by the single equation of equili- 
brium. 

dp=p(S.dx-i-Ydi/ + Zdz) 

Then dp denotes the variation of pressure I 



correepondiiig to the changes Sx, dy, dz, in 
the co-ordinatea of the point at which the 
preBBure is estimated. We see from tlus 
eqnatiou that the ei^pression, 
S(fo!+Trfy+Z(fe, 
is either an exact differential or capable 
of being made bo by a factor. If the 
forces X, Y, Z belong to a conBervative 
system, that is, a system posseasing 
potential, or for which the aboYe ex- 
preasion is an exact differential, we know 
that 

dy (to 
But when these conditions are satisfied 
the quantity Xttc + Yrfy + Zrfs Is 
act differential, or in the case of a system 
of conseryative forces we have without 
the assistance of any integrating factor 

XAe + Y(?y + Z(?2=£ffi 
when R is the potential of the forces at 
the point (ic,y,B). It follows from this 
that dp = ^ pd^, or that p is a function 
of R, then for all surfaces for which R is 
constant j9 is also constant, i.e. the press- 
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nre is conetaut over all equi-potentij 
surfaces. From these equatioi 
equilibrium we can pass directly to i 
equations of motion, by means of D'AIe 
bert's principle. Call u, v, to, the veloci 
ties of ft particle of the fluid vrhosc 
co-ordinates at the time t are ie,y,z, tl 



rf(' 



dt' 



~ dt' 



let u', w', w', denote the accelerations to J 
which these yelocities g;ive rise, then in. j 
our equationB of equilibrium replacing^! 
X, T, Z by, 

X-1!', Y-u', Z-w' 

we have for the eqiiations of motion 






,_rfw du dx du dy du dz 



_/d d^ 
"Kdi^'"' dx 
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We may for brevity replace this oper- 
ator by ^, and we have thua for the 
equations of fluid motion the following: 

III' u i>»\ 



^-'■V-ur 

Concerning the operator wbich we 
h&ve denoted by =r-, it is important to 

obeerre that it relates to a particular 

particle und not to a particular point in 
space ; the velocities u, v, w, are functions 
ot x,y,e and (, and denote the velocity 
which any particle has when it occnpies 

the position denoted hj x. y, . 



dt denotes tlio increase of velocity of a 
eecond particle over the one originally ins 
this position, which arrives at thiB point I 
after the lapse of time dt, while on the I 

other hand, =r- dt denotes the clinnge i 

velocity of the original particle during ' 
this time. "Wlien the motion is very 

email, the terms u—, &c. may be neglect- | 

ed, and we would have, 

D_rf 

Dt~dt 

To oor equations of motion it is neces- 
sary to add one more, expressing the 
continiaity of the fluid. This equation 
simply expresses the fact, that during 
any natural motion there can be neither 
annihilation or generation of matter, or, 
referring to our problem, that the 
amount of fluid in any space at any time 
must be equal to the amoimt originally 
contained in that space, increased by the 
amount which has entered it during the 
time which has been allowed to pass, 



diminiahed by the amount which has left 
it during thut time. 

Let a, by 0, denote the co-ordinates of 
any particle of the fluid at an initial 
instant, x, y, z, denote the values of 
these co-ordinates at the time ( ; now in 
order completely to specify the motion it 
is necessary to express these latter quan- 
tities as functions of iTiit'il co-ordinates 
and the time. Suppose further, that 6a, 
6b, Sc, are the edges of a small parallele- 
piped of the fluid, as these are assumed 
to be intinitesimal, the ligure will remain, 
a parallelopiped during the motion. 

We have now for the co-ordinates of I 
the extremities of the edges meeting in. 1 
the point a, h c, 

a + da, b, 0, a, b + 6b, c a, b, c + i 
at the time t the coordinates of these ] 
-points will be, 



x+^6a, y + 
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From these we arrive, by a simple getv- 



metrical process, at the Tolmae of the 
pwuUek'piped, which is then at the 



&s 


da 




dx 
db 


it dy 
dc do' 








or reprflHentuig the determinant by A, 
AUndhSe:; hence by our definition of 
continuity we mUHt have 
A=\, 
or in general if p^ and p denote the initial 
iLikd final densities of the fluid contained 
in this portion of space 

which simply espresaea the fact that the 
donsity of the fluid contained in this por- 
tion of Bpace must vaiy inversely as the 
volume of the space. 

This 6(|Utttiou ia known as the integral 
eijuation of continuity. The form of the 
eqnatiuik moat generally employed, how- 



ever, ia that which expresaea the fact that 1 
the rate of diminution of density bears 
to the density Ht any instant the same 
ratio that the rate of increaHe of the vol- 
ume of an infinitely small portion of the 
fluid bears to the same infinitely small ■ 
volume at the same instant The sym- 
bolical espresaion of this fact constJtuteB 
the differential equation of continuity of j 
the fluid. 

Let the flow towards the inside of Em. 
elementary parallelopiped of the fluid be 
considered as positive, then the fiow to- 
wards the outside will be negative. 
Hepresenting as before the edges of this 
elementary pai-alle!opiped by 6x, 6y, 6z 
we have for the flow through the face 
ffyrfz in the direction of x and during 
the time dt 



through the opposite face the flow will 
be during the same time 
dpii 



"6y6z{pu+ 



-.6x]dt.. 



These together give r 
of mass 




with aimilar expreasiona for the other 
pairs of faces respectively, perpendicular 
to the asia of y and z. Then the total 
increase of mass is 



of masB is also given by 



dx6y6z-rdt\ 

equating these values and we have for 
the equation of continuity 

dp ^d.pii d.po ^ d.pw 



dt dx 



dz ' 



or for incompresaible fluids simply, 

du dv dvj 

dx dy dz 
It naay not be unintereating to show 
how this differential equation of continu- 
ity can be derived from the integral equa- 
tion. We have, denoting the mass of 
this elementary portion of fluid by m, 






dy dy dy 



Differentiating this with respect to ( 



-?jx 



e quantity —, — 
By reductions t 



will be found by J 
DS equal to 



and tlie equation tlnis becomes 



from wHcli we obviouHly obtain the 
forme given above. Particular forms of 
this equation for special cases are often 
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qnite simple — as, for exatuple^uppose 
the motion of the fluid to be whoUj 
parallel to the plane xy ; in this case we 
have simply 

H dx dy 



i the condititm that the 



^ du_ dv 
dx rfy 

expression 

ud;/—vdx 

be an exact differential; calling it dV^ 



dy dx 

The quantity !P" is called the stream 
function, and all motion takes place in 
the direction of the curves 9'^= const. 
If the motion he steady, the lines W 
^const. will form a system of tubes in 
the fluid, which may be called the tubes 
of flow. A much more genei-al simplifi- 
cation of the equations of hydrodynamics 
exists however for certain classes of 
motion. It is a fact, the discovery of 
which is due to Lagrange that if at any 
time the expression ^^^ 
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f 



udx 4- vdy + vjdz 
is an exact difi'erential, it will remain bo 
throughout the motion; that is, if at 
any time we have 

du dv dw dti dii dv _ 
dx dy dx. dz dy rfz' ~" 
these quantities will remain so through- 
out the motion. Eepreeenting these 
quantities by ^, ??, rf, we may express 
this fact in another manner, viz. if at any 
time the motion of the fluid be irrota- 
tional, it will remain so during the entire 
motion. In particular, i( the fluid origin- 
ally at rest be set in motion, by a syBtem 
of conservative forces or pressures, there 
will be no motion of rotation throughout 
the entire motion. The following proof 
of this theorem is that given by Sir Wm. 
Thomson inhispaper on "Vortex Motion," 
Edin. Trans. 1869. As this proof does 
not depend upon the quantity p, wa can 
, give it in general representing by w the 



tegral / - 



J, 



We have then from our 



equations of motion 



^^^^^^^ 


"■ 


(T)>t , Do , Dw 


.)■ 


Now, accortling to hypotheaiB, 


^1 


'Kclx + Ydi/ +Z<fe= (IE, 


'^^ 


and obvioaely, 


^^ 


?!'*+?;...?;> 


■ 


=5^('«'a:+"'^y+ 


wdi) ^H 




I 




■ 


(?^=,m- -^j (<erf^+vt/y + w<^s) 


^1 


+ (urfK + vela + wt?K)) ^^^1 




■ 


—Mrfa; + urf(/ + w'?^) = rf(R 4- iV- (^ 


' ■ 


Integratiiig this along any arc 
moving with the fluid we have 


(12) ■ 




J 



-(R + ^V'-7r)j 
If the arc be a closed circuit the eecond I 
member of this eqn&tion rauishes and va J 
have 

B /• 

=r- / {udx + vdi/+wdz)—o, 

or this may be expiessed by saying thai J 
the line integral of the langmtial com- 1 
ponent velocity around any closed curva J 
of a moving fluid remains constant 1 
throuyhout all time. The line integral is j 
caUed the circulation, and the propoel- 
tion may be stated. The circulation 
any closed line moving with the fluid rS' -I 
mains constant. In a etate of rest the I 
circulation ia, of course, zero ; therefor^ 1 
for the assumed case of motion generated 1 
by preasurea or conservative forcea we j 
have that the circulation is alwaya zeroj 
flo that udx + vdt/ + lodt is an exact differ- .j 
ential. Bepreaenting this quantity by d<p \ 
we have 

_d^ _d(p _'l'p 

~dai' ~ du ~ dz 



frota which we have for the differential 
equation of continuity j 

dx' dy' dz' ^1 

or sidiply 

The quantity rp is appropriately called 
the velocity potential, and the velocity in 
ani/ direction is expressed by the corre- 
sponding rate of change of ip. We may 
just here observe one fact concerning (p. 
If tp is a minimum at any point, i.e. if it 
increases fts we go away from that point 
there must evidently be a, positive expan- 
sion of the fluid from this point in all 
directions. Similarly if ^ be a maximum 
at any point. Then the motion is in all 
directions towards this point and there is 
compression of the fluid. 

If there be neither expansion nor com- 
pression of the fluid within the region 
bounded by a closed sui-face, the greats 
est and least values of the velocity 
potential in that region must be on the 
surface; for since there ia no expansion 
or contraction, there can be no maximum. 



or mirunmm value within this flurfftce. 
If, therefore, the velocity potential is 
conBtanfc over the surface, it must be 
constunt throughout the enclosed region, 
since its greatest and least rallies are 
now equal. In particular, if it is zero 
over the surface, it must be zero throiigh- 
ont the encloaed region. When the 
velocity potential esiata, the equation for 
determining' tlie pressure can be put into 



^P a very sin 


iple form, vii 
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dip + 


i,IV Jfl 


1 integrating 
I but 


Dip 
'ST 
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1 ^9 
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■t^^- ■ 


H so that 
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V?- 




HV') ■ 


^H or for oiu 
^H ble fluids 

1 J 


■ asBuiued ca 


■Be of 


incompres^ ^^H 
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Another form of the equations of fluid | 
motion due to Lagrimge is worthy of I 
notice here, though the forms already 
given, or Euler's equations, are those em- 
ployed in general in hydrodynamics. 
Since the quantities x, y, z, are functions i 
of the initial coordinates of the point, wa 1 
have 

dp_dpdz dpdy dp dz 
da~dxda dyda dz da 

from these we have 



but we have also 
ldp_. 



Substituting the values of J- from 



* rfy 


dz 


*<' 


<hi' 


,h 


■III 


* 


dz 


dh' 


<a' 


dli 


dp 


<it 


dz 


<ir 


<it' 


dc 



these last eqaationa in those giving tlie 
valuea of -i-— and we have the Lagrang- 
eian equations of fluid motion, viz. 

\dt' \d<i \dt' \dx 

\dt' \da pda 
with two similar ones containing b and c, 
respectively. The reader can see that 
from these equations we can readily pass 
to the forms given before. Where the 
forces S, T, Z have a potential and there 
I velocity potential, these equa- 



tions become 

^x dx d'lj dy (fz dz_d(R—a 

di" da dt' da dt' da~ da 

(fa; dx ^ tVy dt/ d'a dz _ d(R— 
L — , — ^ _ ^^ 



dt' db ^ dl' db 
^x dx d'y dy 
dfdc "*" d? da dt'dc~ 



z dz _ rf(B-M) 



Differentiate the second of these equa- 
tions with respect to c, the third with 
respect to b, and subtract the latter re- 



suit from the former. It 'will be sufScde 
to examine only two terms of the reaul 
■we have then 



d fd'x dx\ d j d'x dx \ 


1 dx d" da 


dc\ di'db\~dd} dt'dc\ 


\~db~dt*d'c 




dxd' . 




do rfc ; 


d\dxd dx dx d dx\ 


didxdu 
-di\dbde 


~dt\dbdt dc do dtdb\ 




=t§h 



the remaming tenns will be obtained 1 
advancing the letters. We have then 
quantity which differentiated for I is = 
Performing similar operations on the r 
maiog pairs of equations we arrive readi 
at the following equations, where C„ C 
0, denote quantities which are indepen 
ent of the time. 

j dx du dxdu) ( dy dv dy dv \ 
\dadb'~ dbda) "^[da db db da j 

I (/a rfic dz dw 1 __ 
^{dadb ~ dbdii\~^ 
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■■ 


idxdu 
ySda 


dxdu 

~dadc 




da dc i B 






{dda 


didic) m 
darc\=°-m 


\ dx du 
\ db dc 


dxdu 
dcdb 


1 (rfjA, 
\ \db dc 


ds/d^l ■ 
dcdbf ■ 






Idndw 
+ idtdc- 


dtdwl 1 


Let now u„ v 
of «, u, M (or t - 

have 


OTj represent the values 1 
= o, thus at this time ive 1 




x=a, 


y=b, z= 




' Subatitutiiig these values 
[ equatLons and they reduce 
[ to 


m tile »boTe 
immediately 




du, 

~db 

da 
do, 
dc 


da ' 

-§ = «. 


■ 


H We have further, Bince u, u, »o are funo- 
■ tions of IB, y, z. 




dit dit dx du dy 
da ~ dxda di/ da dz da" 
If now in our detenninaQt ^ we de- 
note the separate misorB by A„ B„ f,. 



■ /\< 



A,=- 



' dz 



lie da 



siibsti tilting now the valttee of —z- 

in the above eqiuitions C,, C,, C, and 
noting these laet abreviations we haro^ 
since for incompressible fluids zJ^] 
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BepreBenting the qiiantitiee on the 1 
right baaid side, as we appropriately may, f 
by 2 if J, 2 7/„, 2 ;„, and Bolvmg the equft- 1 
tione for the quantities within the paren- f 



. dx 



dx , 



:=s. 






If the qunntitiea S„, f/„, C„, which are 
the initial angular velocities of the particle 
of the fluid whose co-ordinates at ( = o 
a, b, r, are = o, we have that S, ij^ Z must 
also be = o, that is, we arrive again at 
the theorem that if there be no original 
motion of rotation in the flnid there will 
be none at any future time. It will be 
of interest to obtain the equations which 
were used by Hehnholtz in his great 
memoir on vortex motion. These are 
simply obtained from onx equations of 
motion. The first of these equations - 
written out in full is 



dx 



du 
dt" 



,rfM 



du _ 



&0. 



Now suppoaing the fluid initially at 
rest to be set in motion by consei-vative 
forces and presBureH from the exterior, j 
the analytic conditions for thig are ■ 

dX. dY . I 

dff dx 
Therefore differentiating the first equa- 
tion with respect to t/ and the second 
with respect to x, and subtractiiig we 
eliminate a> and the impressed forces, 
and have 

d dv d du duldu du\ 
^~d£ dt dy dt dx\dx dy) 

I d do d du\ 



\ dydx I 
from this we have obviotiely 



e dx) 



D( 



dz 



\dz^ 



and remembering that for incompreeBiblo-J 
fluids we have 

t/n , dv diB_ 

dx du dz 



this becomes 














dz dz 


1* 


dy. 
dz 


And 


similarly 










D5 


ax 


dx 


1+ 


dv> 




J>t~ 


dy 


do 

dy 


v+ 





s 



The principle of the perBistence of ini- 
tially irrotational motion obTiously fol- 
lows from theHe equations. 



( POTESTIAL. 



It Trill perhaps be as well to make a 
few remarks here concerning the theory 
of the potential. It is not the purpose 
in these pages to go into tliat subject 
with any degree of fullness, but as there 
are a few leading principles which fre- 
quently recur a brief statement and 
derivation of them may be of assistance 
io some readers. 

We ha-ye already obsei'ved one fact 



concerning the velocity potentid, 
that if it is constant over a closed sui 
fece containing a certain definite regioill 
that it will be conBtant thronghont this 4 
region, and in particular, if it be 
OTor the surface it will be =o through- J 
out the contained region. When ndx+M 
vdy + lodz IB an exact differential v 
seen that bj making it equal to d^ i 
can replace the quantity 
do dw 
^dy'^dz 
<r(p d*<p d^cp 
dx' dy' dz' 
Now let <7 denote any closed aurface, then 
if r be the outer noimal to this eurfaxje 

— ds for the rate of flow 

outwards through the element da in unit 
of time, then the total flow outwards in 
time dt is equal to 



//:/ 



where the integration estends over the 
whole surface. If the space enclosed by 



a be full both at the beguming and end 
of this time we, of course, liave 



//>= 



This is the equation of continuity for 
the whole region. Applied to the element 
of volume dT ox Ax dy dz this gives U8 
^qi d'm Win ., 

ive denote by r the dietance between 
any two points w, y, z, and a, b, c, i. e. 

r"={a!-a)' + (y-5)' + {s-c)' 
fUid by m a oonstant we see that the 
equation A^(p=o is satisfied by 



or - is a particular solotdon of the par- 
tial differential equation. 

The general solution is a homogeneous 
function of the quantities x, y,zot the 
degree i, where i is any positive integer. 
It is also well known that to every solu- 
tion of the degree i then corresponda 



one of the degree— (i + 1) expressed by 

The exprBBsion ipi is a So]id Spherical 
Hnrraoiiic of the degree i. The expres- 
sion obtained by dividing <pi by r' which 
will be a ftmction only of two quantitieB, 
viz., the angles 6 and ij; is a Spherical 
Surface Harmonic of tlie same degree. 

The qimntity tp is now the Potential of 
the mass m upon the point (^, y, z). At 
infinity the Potential with its derivatives 
vanishes, but is finite and continuona 
throughout the space except at the points 
in which the masses are found, /. e., for 
x=:a, y— 5, z==e. Let now in the space 
under consideration, which ia supposed 
to be continuously filled with masses, m 
denote a mass placed at a given point A 
and let r denote the length of a line 
drawn from this point to any other B — 
then we know that the attraction of fie 
mass m upon the point B ie given by— 
dip m 

Now suppose the line AB drawn to an 



Ik 



iMtfiiiite distance, and further that the 
llBpaee which contains the maBSos m ie 
Ibounded by a closed surface. The line 
Bab will cut the Biirface an even niimber 
■ of times. Suppose now a sphere of radius 
Punity to be described with center A, 
ft-and then lettho line AB describe a coni- 
I cal snrfa:CG cutting the element dai from 
I'the surface of the sphere, and rfs,, tf«,, &c., 
■irom the given closed surface. Let e de- 
^ote the angle between AB and the outer 
•normal to the surface ; then where the 
Kline issues from the sui-faee cos t wOl be 
■positive and where it enters cos f will be 
kiegative. We have now 



ds=- 



r-'dw 



The normal force on the element th is 
given by R cos. f ds; but B cos. t rfa is 
equal to 

and therefore fcjr the whole surface 



//B« 



- — 7i 

K cofl. t de: 



we have 



:± ffiduf. 



An tbe point A is within the snrface, the 
line AB first iBBaeH from the surface, 
girtngapOHitive valvieof n\d<a ; after tliat 
lUtemate ponitive and negative values of 
iniui wbicli destroy each other, so that 
we liave simply 

i" R COS. « da=mdiu 
and 



Now 



■m=kwfffp d^ d,j dz 
dX dY dZ , 
dx-^d^+dz-=^'''' 



dx' ^dy' ^ dz' '^ dx * 

Tbiit equation bolcU throughout tbe ea-M 



tire Bpace which ia filled with the 

If we represent an. element of the 
space nnder consideration by rfr and the I 
density by p we may write 
pdr 



9=/^ 



n which 



'f do -f dc r 

and finally 

The second of these intefjrale is eri- 
dently a quantity of the same kind as 
cp\ the firat is the potential of a mass 
which is spread oiit upon the surface 
fds and giving the surface density 



Suppose now that q}' bo the potential 
■frith reference to the pomt (ar, y, z) ot a 



mass tbst is spread out upon s 
giving tiie Burface density ft -, wi 

Assume the rectangiiliu' axes bo that a 
nbrmal to the surface; assume on i 
point infinitely near the surface, and sup- 
pose a circular cylinder with radius P' 
and having the axis of s for its axis of 
figure to cut the surface; suppose P' in- 
definitely email but infinitely large 
with respect to the ordinate z. Let ^j/ 
denote the portion of <p bcslonging to 
that part of surfaco included in the cylin- 
der; the ren^iaining portion ip' — <p^ will 
not become infinite or discontinuous by 
z becoming either=o or passing through 



9',' = 



..^n.f^ll^ 



9)/=2nr/([A/P'N^'~v'«'] 
By neglecting infinitesimals we have 

lp^' = 

or tp' remains finite and continuouB if 
the point under consideration passes 
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through the surface, ^.e., if \/z'=^^z. 
Further. 

or since, with respect to z^ P' is infinitely 
great. 



or if z be positive 
if 2 be negative 

But (p'—(p^' is continuous and also 

- - " , ^* ; consequently when jg: changes 

from positive to negative passing through 

zero -J- changes suddenly by the amount 

—4^//. Now as we have taken z in the 
direction of the normal this fact can be 
expressed as follows: Call the inner 
normal v^ and the outer normal v^ then 
we have 



rfv. 



''- = -in^i 



which may be called the cfiaracteristii^ 

equation of <p' at the Burfaee." 

Suppose now that we have a Burfaoe I 
over wliich a mass is so distributed as to | 
give rise to the surface density tliat \ 
have denoted by /( giving then the potem- I 
tial f>'. We will use, for the present, the 1 
symbol (p to express a general function, J 
which satisfies the equation, 
d'<p d^<p d'gi _ 
dx* dy' ds' ~ 
And we wiU take now XI to represent the'fl 
potential in the space under consider^V 
tion, V for what we have denoted by qi', 
the potential of a surface over which a j 
mass in distributed, as mentioned above. , 
Now we will introduce a new quantily ] 
W, wliich we proceed to define: At every 1 
point of the surface that we have spoken I 
oi conceive normals (positive) 
drawn, lay off on these infinitely small 
lengths, and through these points i 



tuiother Borface to pass, the eleniente of 
which correspond to the elements of the 
first surface and consider that on eaeh 
element of this new surface a, mtiss is dis- 
tributed eqnal to that on the correspond- 
ing element of the first surface bat of 
opposite sign. Represent by A the 
negative product of the density of the 
mass on the element d<T of the first sur- 
face, by dff; then if (a, i, e) denote the 
element <i(7 and W is the potential of this 
element at the point (a^ y, z); we have 

W= fk^da 
•^ rti' 

„. d\ di dr 

EJmce, —- = -r- ^- 

dv dr dv 



W= 



/kda , . 

— ^ COB. (rf) 



We can alao express this in another 
way. Conceive a sphere of unit radius 
described about (x, y, z,) as center; also 
conceive aeon e on (/ff as base and having 
(k, y, £) as vertex, to cut the sphere, the 
area of the included portion being d'Zi 
then 
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dv — 

the upper or lower sign to be taken 
according as cos. {rv) is positive or nega- 
tive. The cosine can only change its 

7t 

Sign by {rv) passing through -» ; evident 

ly this is the case only when the point 
can lie on a tangent to the surface; then 
supposing that cos. {rv) does not change 
its sign, we have 

when the upper or lower sign is to be 
taken according as cos. {rr) is positive or 
negative. If the above condition is not 
fulfilled, the surface may be divided into 
parts so that each part can satisfy the 
imposed conditions ; then will "W be given 
as the sum of the corresponding exjDres- 
sicms for each part. In order to examine 
whether or not discontinuity occiu's in the 
vahio of W, by the point to which it refers 
api)roacliing indefinitely near the surface 
— c.oiTiciding witli it or passing through 
it — wo will choose the axis so that z is 
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normal to the surface, and assume a 
point on z indefinitely near the surface; 
now by exactly the same process as 
that before employed, we see that for a 
negative z we have 

and for a positive z 

W,= +27rA; 

Wj con-esponding to the small portion 
cut out of the surface by a circular cylin- 
der of indefinitely small radius P, which 
is nevertheless infinitely large as regards 
z. Now since W^ is independent of 2, W 
cannot become infinitely great by z be- 
coming infinitely small; and since W, 
suddenly changes by ^nk^ W does so 
likewise. From our equation for W, we 
have for W,, since it refers to an indefi- 
nitely small portion of the surface for 
which k is constant, 

* *^ dz */ o (/«' 4-2)1 
since 

--. i ^ d^ d^ dr 1 dr 

^^ dz dr dz r dz 



V^' VI" 1 



from tliis follows 



<A\', 



-•iirl-i 



' is negligeable \ritb respect 



dz 



'=-l7lh^ 



I 



of 



The second member being independent 

, for z-=.o is finite and continii- 
dz 

OUR. TliTiH we see that the potential W 

for this dmible layer is finite always, but 

changes suddenly by the amount ink on 

the point to which it refers pi^aing 

through the surface in the direction of 

V ; the quantity -z- is, however, finite and 

continuous. With a perfectly arbitrary 

co-ordinate system the quantities -j- , 

dVI dVi .„ . , , , 

—J- , — ,- , will m general sufler discon- 
dy dz ** 

tinuity, since i ie in genei-al not constant 



over ail the Bnrface ; if A be constant thS^ 
differential co-efficients will suffer no di»> 
continuity at the aurftice. 

Suppose that we have two functions U' 
and V of x, y, z, which with their dertTa- 
tioiis are single valued and continuuuB in 
the space under consideration, which 
bounded by a' closed surface. We have 
the identical equations 

d£ dx rfji' ~ rfajV '. d-c 
dXidY 






.,dY\ 



da dz dz" th\ i 
Add and multiply by the element of the 
space dr, we have by changing i 
second member a volume into a snrfaes'^ 
integral, 
,., /•/dVdV dVdY dVdY\, 

This equation expresses what is V"-^ 
as Green's Theorem. By an ini 



I 
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of U and V, which from the nature of the 
functions can be effected, the first mem- 
ber of this equation will not change. We 
will have then 

If TJ and V are velocity potentials this 
gives, 

In the preceding equation (a) suppose 
XJ=V, then it gives, 

/>, (/c^V\2 /c^V\2 /^V\2) 

e/ dV 

or 



/( dY d\ 

\dx dy 

cos.(t^2) ul(S 
An expression for the energy in the form 



of a surface integral. 
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''The irrotational motion of incom- 
pressible fluid in a simply connected 
closed space - is completely determined 
by the normal velocities over the surface 
1\ If 2' be a material envelope, it is evi- 
dent that an arbitrary normal velocity 
may be impressed upon its surface, which 
normal velocity must be shared by the 
fluid immediately in contact, provided 
that the whole volume inclosed remain 
unaltered. If the fluid be previously at 
rest, it can acquire no molecular rotation 
under the operation of the fluid pressures, 
which shows that it must be possible to 
determine a function (p, such that 
A^q)=o throughout the space inclosed 

by w, while over the surface ~ has a pre- 
scribed value limited only by the condi- 
tion 



// 



dv 



"By Green's theorem if /l^(p=o, 
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the mto^^nttiuii on the right hajid side 1 
extending' over the surface i-', that on. the J 
left hand side over the vohime. Now if j 
9? and tp + ^tp be two ftmctions, i 
fying Laplace's equation, and giving pre- J 

Bcrihed valnea of ~, then the difference, J 

/Ifp iH a function also satisfying Laplace's -I 

equation, and making -■■ vanish over J 

the surface of i'. Under these cireu] 
stances the surface integi'al in the ] 
ceding equation vanishes, and ^ 

that at every point of I, — ^, —j^ 1 
——-- muBt be equal to zero. In otheir-9 

worde, A ^i must be constant and the two "ij 
motions identical. Aa a pai-ticular case, i 
there can be no motion of the irrotational J 
kind within the volume -, independently 1 
of a motion of the surfaea" 

The line described by a point in the ' 

fluid, naoving always in the direction of I 

the resultant velocity, is, as has been i 

[ mentioped for a simple case, called a I 



stream line. If <ji denote the vBlocitj 
potential, we have obvioTisly for 
differential equations of a Btream line, 



dtp 
(Ix 



Is 



These lines evidently cut at righ'fcfl 
angles, the surface ^^const. 

If the normal velocity at every point 
of this surface is equal to zero, vre must 



dy ^ 

and this equation will represent a snrface 
which cuts at right angles the surface 
^j^const., and ia consequently made up 
of stream lines; such a surface is appropri- 
ately termed a sui-face of flow. The 
following properties of such Burfaces, 
though not dii'eetly bearing upon i 
matter in hand, will possibly be of inta 
est: 

Suppose that we have for the equatia 
of a family of surfaces 



(; 
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q being a variable parameter by giving 
constant values to which w6 obtain the 
equation of each member of the family. 
IVdake 

^d.cJ \ity) \dz) 

Then we have for the direction cosines of 
the normal in the direction in which q 
increases 

COS. {vx) = v -^^Q,o^{yy)-y^ , 

da 

coB.(yz)=iy-rr 
dz 

if N be the component of the flow norm- 
al to the surface, w, v, w being the com- 
ponents parallel to a;, y and z respective- 
ly, we have 

\ dx ay dz/ 

Hence, if N be zero, there will be no flow 
through the surface, which may thenbe 
e&lled a surface of flow; we have then for 
the equation of such a surface, 

da da da 
ax ay dz 
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If there be another family of surfaces 
whose parameter is q' ^ and these are sur- 
faces of flow, then 

da' dq' da' 
dx dy dz 

If we have still a third family of surfaces 
whose parameter is q^' that are surfaces 
of flow, then again. 



dq" dq 
dx dy 



dq" 



dz 



eliminating w, ?; and w between these, and 
we obtain 



dq 

dx 

dq^ 

dx 

dq" 

dx 



dq 

dy 

dq^ 

dy 

dq^ 

dy 



dq 

dz 

dq 

dz 

dq" 

dz 



= 



which is only satisfied by making q''=: 
some function of q and q\ Suppose 
that we have only the two first of these 
equations viz. : 

dq da dq 
dx dy dz 
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dx dy dz 

By eliminatiiig u, v, t" in timi from these 
equations wearrive at the following where 
<? is an undetermined function of q and. 



\dy dz dz dy) 
\dz dx dxdz / 
\dx dy dy dx J 



When one of the functions represented" 
by q and q' is known, it is possible so to 
determine the ether, that ^ shall be — 
tinity. The flow in the dii'e^-tion of the 
normals to these surfaces being =o, this 
flow can only take place along the surface, 
and the intersection of the two surfaces 
will be a line of flow or stream line. A 
tube of flow or a stream filament, is a 
tnbe whose bounding surfaces are made 
up of lines of flow. If the two paramet- 
ers q and q' have a aeries of values given 
o tliem,theywiUfona a double systei 



I 



Hivrfacee dividing space up into a number 
of tubes, each of whieb will be a tube of 
flow. We will go furtbei' into tbe con- 
Bideration of stream lines in another 
place. 



Having thus briefly stated some of the 
nore aimple o! the general properties of 
.the equations of fluid motion we will now 
proceed to examine eome of the problems 
which present tliemselvea most naturally 
to tbe student The first case that we 
^shaU take up is that of the motion of 
Vftter in plane iracen when the exciir- 
sionB of each particle are very small. 

len a body of water originally in a 
state of rest ie endowed with a wave mo- 
.tion each particle of the mass has a mo- 
,tion of oscillation or, describes a closed 
curve in such a manner as to canse the 
particle of water, after a certain definite 
lapse of time, to resume its original 
position on the surface of the wave. By 
I, is to be of course, understood sim- 



L 
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ply the forms which the water asBuraes 
under the action of the diBtiirbing force. 
Plane waves are those in which the mo- 
tion of every particle is parallel to a cer- 
tain fixed plane, and they may be gener- 
ated by bringing a solid body, e.g., a 
cylinder, in contact with tlie surface of 
the water contained in a rectangular 
canal of imiform depth, antl in such a 
manner that the line of contact shall be 
at right angles to the length of the canal 
Plane waves will be generated the in- 
stant the contact takes phwc; these will 
travel along the entire lengih of the 
canal; impinge on the ends and returo; 
■we will in o\a problem, however, limit 
ourselves at first to the case of a canal of 
indefinite length and then need not 
take account of the phenomenii at the 
ends. Our mass of water being then 
stippOBed, contained in a canal as de- 
scribed, we will now proceed to the 
matliematical examination of the waves 
generated by such a disturbing force as 
has been mentioned. 

Assume the axis of z vertical and posi- 



M 



tdve downwards, the axis of x parallel to 
the length of the canal, and that of y at 
right angles to its eidee; tlie origin 
being on the surface of the water at rest 
Let now ip„, j/j,, z„ denote the initial vaiues 
of the co-ordinates of a particle and let 
V, V, w denote the (liqJaoenientB which 
the particle undergoes in the directions 
of X, y, and s respectively. For plane 
waves advancing in the direction of x, 
we have of course r='i, and the etjnation 
of continuity aRSunies the form 
>.1'<fi iVcp_ 

the values of u and w being 

dz' ~ ih' 

We have now to express ip as & func- 
tion of X, 2, and (, and, from the nature 
of the motion, periodic with respect to 
the last. 

The simplest way of expressing this' 
periodicity, will be by introducing in ^ a 
factor which shall be a trigonometiic fonc- 
tioD of the time. We may assume ip in 
i;Uie fonn 



/(*).. 



». I 



F(0 



wlien ff is a constant, and the forms of ^ 1 
and F are to be determined, the latter " 
is easily obtained by the following c» 
siderationa. We know that cp must not 
change if we increase t by the time of 
oscillation, denoting tliiw by r, and . 
becomes 



/w; 



jFC + T) 



How in order that tp may be a periodic I 
function of t, we must have 

which gives by expansion 



rr(0 + i-5F"(0+- 



= 2ff 



from which s 

F": 



nee T is constant, 
-F"'=,&c. .. =0 



and 9) now assumes the form 
+ iTz „ , sin. 2w 



Now for tlie determination of f\ sub 
atitutmg this value of ^ in the differen- 
tial equation of continuity A^ip^o and 
it becomes 

Integrating this and we liave for f 
the equation 

/"^A 8in.(Ta;+B coe.sx 
when A and E ai-e the conetants of inte- 
gration. This gives us now 



ic+Bcos.da;) 

This obviously may be written i 



thia 



r(«. 


sin.fficsin. — (-Hi, 


27r \ 

os.axcas. — (1 


<% 


. 'in 
os.ffxsm.^i + aj 


2^ V 
in. ffa;coB. t \ 


;r(". 


in.<rj'sin.^(+^. 


OB.ffitCOS.— A 


;f(A,co..».i..?5,+.. 


— ^o 



By supposing the constiinta a, b, . 
positive we c&n, by niaking tlie proiWT^ J 
oneB vanish aud eBtabliahlBg certain rel&- J 
tions among tlie remainiiig ones, obtain I 
an espreesioQ for tp which shall contain J 
as a fiictor the sine of the Biun or the I 
cosine of tlie difference of the tjnontitiefl I 

— ( and dx. It is of conrae desirable to i 

introduce the quantity x into the trigono- 
metric factor as the form of <p is alike I 
imaltered if we increase ( by the time of I 
oscillation or x bythe ware length. Then 1 
making 

and for a simple advancing w 

we have 

We have here before spoken of ip as 
the velocity function— there is a manifest 
appropriateness in this case in calling it 
the wave J'unction^-a name that we shall 
adopt for the present. 



The quantity 

I ffz — (7Z\ 

is called the amplitude of the wave, and 
ia evidentty the maximum valae ol ip; X 
is the periodic time, or period, after the 
lapse of which the values of tp recur; 
and ffx determines the phase of the wave 
at the moment from which I is measured. 
It is evident that jf we have any number 
of wave functions <p\ q>" . . . which 
satisfy the differential equationB 
zJ'p'=o, ^'tp"=0, &c. 
that this sum must also satisfy the 
equation 

J'Ilp=rO 

or any number of wave functions may be 
compounded into one resultant by simple 
addition. 

Before proceeding to the general 
problem we will examine the simple case 
of only one wave function. From the 
value given above for ip we have 



i,e +«. 



^^1 coB.h'^t + a'j-j 



From theae we see at once that tbe^djft- 1 
placements u and w satisfy the equation 



These values of ip, u and w can bow- 
ever, be fiu'ther simpKfied by finding 
what relation exists between the quanti- 
ties a, and a^. To find this relation, we 
proceed to examine the forces which act 
on any particle of the fluid; these are 
well known to be of the form 



di^ 



+ff, 



and the elementary equatione of motion j 
thus become 

p <lx ~' (fa* 
1 dp _ d'w 



dv 



+S 



from these we have 





d d',p 
dx dt^' 




d d'lp 
- di df 


therefore. 





+ y ffdz y + const ) 



7/ dz^ 



p=lAi — \ (p + ^3 I + const. 

Tlie 'coEGtiuit iH evidently p^ tlie initial 
presBure, the first paii; of the second 
number of thiM eqiuition being the in- 
crease of presBui-e at the time / above 
what it was nt the initial instant. 

As we suppose ourselves limited to the 
case of Tei-j smnll motions, we may re- 
gard n and w as quantities of the first 
order ; then it is obvious from the foim 
of the expressions obtained for these 
quantities tliat a is of the same order — 
tlie other factors being in general of finite 



magnitade. Then any terms which con^ 
tain ffu, or Bw being quantities of tho ' 
Hecoud order, may, with reference to 
those of the first order of magnitude, be 
discarded. 

These considerations now enable us to 
determine p wholly in terms of tha 
initial co-ordinates. To do this it is only 
necessary to write x=x^ + v, z=z,-\-V), 
then from what has just been said wa ' 
have at once 



Snbatitating these in the expression for 
^ and this again in the equation giving 
the pressure and we obtain for thQ 
latter 

(/2t\ = / gz, -Gz\ 



sin.^— (-I-ffa;.j+Srz,+ff7c|-+p. 

or as it may be written substituting for 
10 its \alue 



-^t/%. 



-t+ffa) 



Now for the detorraination of the con- I 
Btants, we observe first: that particles of | 
the fluid originally on the bottom of the 
oaual, must ueceBBarily remain there 
dnring the motion; eecond, f or pai-ticleB 
of the fluid whose z co-ordidatea are equal 
to zero, i.e., for particles on the surface 
of the fluid at rest, j> must ho a constant 
=/>,. let /( denote the depth of the 
canal and the first of these conditions is 
evidently reached by making w=o for 
those particles for wliich s— /(. This 
gives us then 

and conseciuently 

<tA -ah 

from which follow 




^^^^^^^ ^^^^B 


^^^p ^M 


^^^ ^^H 


«!~^^ ^H 


Again, make i^o and p=p„; this givea ^H 


obviouBl^, ^^1 


(Yf<"-+"'>+^'^<« -">>=" H 


from which ^H 


a/i ~eh ^H 




f +c ^H 


Now making for brevity ^^| 


^1 


(rn,f ^H 


And our expresaionB for u and m become, ^H 


»=-(r<n/'^-"')™(T'+-) 


„=-„(;<'('")_f*-)),i„.(??,+„) 


By introducing the wave length now we 


can determine the constant a. Revert- 


ing to the expression previously given for 


ip, and for convenience retain the two 


constants n, and a,— this was ^^ 


1 ^^ 



Let I denote tlae wave length ; we know 
that tp will remain unchanged by writing 
for X the quantity x+l, as this simply haa 
the effect of transferring the origin of 
co-ordinates from one end of the wave to 
the other. This substitution gives 



In order that g> remain unchanged, i 
mnst clearly have 



If we call lu the velocity of each particle, 
we have also 



Substituting those in the expresBion 
obt^ed above for p, and it becomes 
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(Th -Cfh 



l>=/>o+/>^^o+/>]^^^^yr^ 



-ah 



(fz^ ~<rs. 






e 
-ah 






f 



. In, 

sin. — ("'^+ic„) 
P 



which reduces easily to 



2;r 27r 

— 2 Z 

— f 



p^'P.'^pg^'-^pgA^^ 2^\ ^^' 






/ <<>^ + f I 



27r. 



The same substitutions give us for cp the 
value 



and in like manner t 
Uid w the values 



'. can obtain for u 



= -A -;^(M -f^''-^4°''^' T 



I ' 



■)— (A-2)[- sin. 



, -, {.ot + x). 

The vftlue of m is easily obtained, 
ff/i -oh 



from this is readily obtained 



I 



#. 




.or 



'/,','' y /> ' ' - J- i 



■. • 



' ' ' ' /. ' 



'^' II. I I. 'I \ I 



Uut-r-x) 



This Tanifilies for the values 



x=l, t=T 

■which three are the values of s 
the pointB of maxima and min 
longitudinftl section of the wai 
entiating again 



and t for 

ma of the 



cPz 



"P J 2;r 



{k-z) y(/i-2)V COB. 



, and -J , Consequently there are 

.points of contra-flesnre at J and J of the 
.wave length. It is obvious, from these 
considerations, what the curve is. 

It has before been remarked that u and 
,tD satisfy the egnation of an ellipse ; this 



'«1-T'-> T<->f' 



The pl&ne of the ellipse is vertical tuid 
ite longer axis is in the direction of the 
motion of the wave. Suppose now the 
particle under consideration to lie very 
near the aui-face of the wave — that is, z 
is very small ae compared with h; then 

the terms containing — t-(A-2) may ob- 
viously be discarded, and the only other 
terms which remain in the expressions 
for the semi-ases of the ellipse will de- 
pend on 

2ff , Sn- , 2ff 2; 

€ := f . f — Af. 

The eqtiation of the ellipse thus b 



The equation of a circle whose radius if 



; - 
Af 

Of course the same result would be ob- 
tained by supposing the depth of the 
fluid infinite. Thus for particles near 
the surface of a body of water of finite 
deptli— -or for pai'ticles anywhere withiu 
the mass of a body of water of infinite 
depth — the motion is in a vertical circle 
whose radius is given above. Suppose 
again that the wave has an appreciable 
length — say l=h ; then for particles veiy 
near the surface the semi-ases become 
▼eiy nearly. 

, + E . and ^ _ ^ 

or the path of the particle is nearly ciivn- 
lar — the ratio between these quantities 
being neaily 1.000,007. 
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ieheH coneiderably — ob the quiuititj' jni 
written decreaaea rapidly with h— 
ing ae ib obvioiis for li=o. 

So far we have confined ourselvee I 
a single wave, that is, to a single value o 
ip Bfttia^Tng the equation A'tp^o. 
we have seen that if there are seven 
values of gi each satisfying this equatian^^ 
that collectively they satisfy the egoatic^a 

In the case when the wave lengths ar^fl 
the same but the phases different, we caa'| 
^sily find the result of adding togethffli 
the waves given by the functions ^ 

The value that we have already obtainect 1 
for <p may be written 



i a{h-z) ~a(h-z) , 



8in.ff(i^<( + « + aJI 



where it ie to be understood that a=o andl 
is merely introduced for future Bymm&-.1 
try. Any other function tpt which satis- I 
fies the equation A*(p=o, may be written 'I 
under the above conditions 



(wl + X + Oi ) 

Ancl it is not difficult to see tliat a aum- 
matiou of these fimctionB will giye us 

i'^t + x+W) 



^1"-i\ 



"When 



A* = S' Oi' + 22«j ^Mi COS.(r (at_i — at ) 

and 

2a,- sin. ffffj 

tan,¥"= 
or inversely 

J=0 

If any of tlie quantities ffa, &c.,=>t op 
(2w + l))r a change tabes place in the 
smnmation. Suppose aoi =7t then ^,- 
becomes -tpi and is suhtracted instead of 
added to the other functions; but if a<n 



ifl,co 


8. So.) 


3=0 




2«.-B 


n.ffai 







[2n + 1) !T we have since a ~ 



In 




That IB if the difference of phase is an 
odd multiple of half the wave length, the 
corresponding wave function is to be 
eiibtracted instead of added to the others 
in finding the resultant of the system. 

Suppose now that we have two waves 
of the same length and amplitude, hut of 
different phases and moving in opposite 
directions; the wave fimctions are ob- 
viously 

alff(A-^) -ff(A-« 



r {u>t+x) 



ff(A_.) _ff(^^); 



adding we have 

J »(* J) - 



sm. (7 



r(A^ 



{tol + x)+ sin. a {a)t—x + a) 
expanding the trigonometric factor and 
redndng by aid of the relations 

OOB. a=2 COB.' a—l, sin. a=2 sin ^cos. ^, 



we readily find this expression to become 
■2a i (ah-s) -a(h^) ) . 

(io(+?)cos. <j(i-^). 

From this we obtain by differentintioii 
the values of the diapIiwiementB 



,.=,„]'(''-•) -"('-) I 



Dividing the first of these by the second 
we have 

«_! + * ^ 

this ratio is independent of the time, 
consequently each particle i 
straight line the inclination of which 
varies with x and 2. Since also this ratio 





trou(fh t 



and evidently the motiona at theae pointa i 
are in opposite directions — which we have 
seen before from other coneideratibna. 

In like manner by making 10=0 we find 
that at the top and bottom of the wave 
there is no vertical motion. Also, that 
the greatest vertical motion ie at the 
nodes of the wave. 

Similar results are obtained by exam- 
ining the eqaationa a. There is no 
horizontal motion at the points when 

X — = = -7or-— bntthere is a maximnm of | 

vertical motion ; also, there is no vertical ■ 

motion at the points where x—-^ = 

or I, but there is the greatest horizontal ' 
motion. 

Airy has shovm in his treatise on 
"Tides and Waves," that if the channel 
is of variable depth or width, that waves 
of the natnre just described, that is, 
waves caused by the simple oscillation of j 
the particles, could not exist by them- J 
selves, but require for their existence the J 
action of certain exterior foreea into S 




e of which it is not i 
to go. Witboat going into a n 
e«l diiKTisflion of the redection of vnTes, 
I win merely fitate that after impinging 
Ofoa a wall the particles of th« nave 
xnove np and down the snrface throngfa a 
^Kataaee eqnal to twice their previoos 
TCTtical ditfplacement, and the same with 
porticlea at a distance of half a wave 
length from the wall; particles at a dis- 
tance from the wall of one quarter of a 
wave length, merely vibrate in a hori- 
zontal direction. Wlien a series of waves 
enterit BhaJlow water the period remains 
the ftame, but the velocity and wave 
length tliminisb ; the front of the wave 
becomeit Hteeper than the back, and con- 
tinnes to become more and more abmpt 
until the top of the wave curls over the 
front and the wave breaks in surf on the 

g 4. 

CYLINDBICAL WAVES. 

If we throw n pebble into a body of 
_W5ter, or if we simply bring a solid body 



in contect with the water at one poinfc' 
we know that a series of waves is gener- 
ated which are circular in form, concen- 
tric and having their center at the point 
where the disturbance takes place. The 
■waves thus generated are called cylindri- 
cal waves, and the line passing through 
the center of these circles and nonaal to 
the surface of the fluid is called the wave- 
axis, and evidently is the geometrical 
axis of the concentric cylinders. 

In the case of such waves as this it is 
evidently not admissible to assiuiie the 
displacement in any direction as equal to 
zero, there will clearly be motion in the 
direction of all these axes. Oiu' axis of 
z will be assumed as having the same 
direction as in the foregoing section, and 
the axes of X and Y wUl lie ia the sur- 
face of the fluid at rest. Our equation 
of continuity will have the general form 
d'^ (ftp <^'P^ 
dx' "•" 7/!/' '^~di'~'^ 
the displacements being of course given J 



I 



~dz' 



-i,S 






The same remarks that irei-e previously 
made concerning the form of (p mil bold 
here, the waves being supposed to ema- 
nate from the wave axis, so we can write 

for <f> the equation 



±at 



fK^, 



, sin 1 2ff j 
>™s)-'j 



when r as before denotes the periot 
time. If the wave axis be taken as the 
axis of 2 we have, r denoting the distance 
from this axis to any point iii a pla 
parallel to the plane of ic y, 

r'=x'+y' 
and we may write ^ in the foim, 
±(Tj J, / V sin (2jr 1 

We must now, ae before, determine the 
form of y. Substitute this value of ^ in 
the ec|imtion of continuity, and it is 
easily found to reduce to the form 

d,' + r * ^ 



i the 



: + "■/=<> 



^^H 


Tranefonning this by the substitutioii ' ^H 


we obtain a kno^ii foi-m ^^^H 


§-lt-^^ ■ 


This in a particular case of the morQ^^| 
general equation, ^^H 


of which a particular solution is the ^^| 
Beasel'a function J„ (s) given by ^H 


■ 


>« u s" ^H 




2.4.6(2« + 2) (2„ + 4) (2« + 6) "^ ' ' * * f 
For our ease n^o, and the function ^^ 
J.(s) is a particular sohition, riz. : ^H 


j.w-]i4 + 2,'i, ,,;,,.+ }■ 


This is easily obtained directly, calling ^^H 
/; the particular solution sought aBBum»,^^| 


f^ = a + a,* + a/ + fi/ + a^R* -V ^^| 


. M 



. Siibstituting in tbe differential equa- ] 

tJon, and we have 

= a,«-l + (<i + 4a,) + (a.+9a> 

from whicli we have 

a^-a^=a^= 0^+1 = 



4' ' 64 ~ 2'.4.> ' 
when i is of course any positiTe integral. 
This gives us then for oiir particular so- 
lution 

Designate now by T,(.*) the other paiv 
ticular solution of the differential equa- 
tion, and for brevity write simply Y, and I 
J, instead of Y,(a} and J,{fl). Let now 
- denote a function of «, then it ia well j 
known that we can write 

Substituting this in tlie differential equa- 
tion and it becomes 



Is"*" J.'tfc/fl 
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^^ 


Di-viding 


this by -T- and integrating^ 


gives 




--= const 


log. 


+ 2 log. J, + log. 


or assmn 


ing the const. = 


0, and passing 


to esponentialH 

' (Is 

from which 

dl 1 

ds " sj; 
and 


1 




-/|. 


■ 


and, by 


subBtitntion in 


the equ.tion ^M 


giving T 


■ ^.=V^.- 


1 


Now from the value of J, 


it is clear that ^H 


the expansion of -j-, can 


only contain ^^H 


even powers of s and we c 


an thns writs ^H 


1 


= ~jl+A.' + B.' + 0«'+li ^H 


multiplying by ds and integrating gives ^^^M 



¥.=J. log. . + J.JA -j+B ^ +0-g-+ ^ 

or as it may be written for brevitj 

Y,=J, log. «+E, 
The quantity E, is th.e product of twCH 
infinite aeries each of which contains o 
positive integral powers of s and, coqbc 
quently, according to a principle in i 
theory of theBessel^ functionB can bedfl4 
Teloped in a series of these fonctioi 
and, moreover, as fall the powers in « 
and the other factor of E, are even, tmlyji 
the even Bessel's functions will appea 
in the development thus 

Y„=J, log. s+nj' + W + cJ'+ 

The co-efficients a, b, e have to he deter 
ined. 

Take again the differential equation 

and perfoi-m the operation 
d" 1 d 



as s as 
n the quantity J„ log. s and n 



\tA's,^^h"^-- 



2rfJ, 
"s rfs" 

Bepresent the operator for brevity by J, 
then this is 

^J. log. #=--=- 

"We have now from the general di£Feren- ' 
tial equation affording Bessel's functions 



and for ?j=o 



JJ„ 



1 +Jf.+; 



according to a known relation connecting 
these three consecutiTe functions. And 
60 we have, finally 

JJo log. s= — J, 
Now from the above value of Y, we have 
JY,= J(J. log. *)+aJJ. 

And by aid of the transformationB just 
given 



J,+-(J,+J,)+-{J,+J.) 



, Zd 



(J. + J,)x 



Now Y, being a particular solution of 
the differential equation /]/=o, we must 
have iJY,=o / this enables ua to find 

b=-2c=Sd=-ic=5ij=&c =2 

and by Bubstitution 
Y.=J, log. s + aJ. 

+ 2[J,-JJ. + iJ,-iJ, + ...0 
The complete solution of the differential 
equation Af=o, i.e., 



sdt 



+/= 



iB now given by 

/=AJ. + BY, 
or 

= (A+Blog. s) J,+EE, 
It maybe verified without much difficulty 
that the quantity E, in of the form 

v-i^ 1 + i, I ^ + i+i 'i I 

^'~|2' 2'.4' '"^ 2'.4'.6' "^ f 

The quantitiee J, and Y, expressed in 
the form of definite integrals are — vide 
Boole's Diff. Equas. 



^^^^^^^^^^^^^^^B 


H J.=i/Jcos (s Bin o)) <to ^1 


1 5r.=l/Jco.(<.m<»)log(4.co.'»)i«.W 


^M and wG have for^ by Bubstitiition ^^| 


1 /=-l/''co, (« sin Q,) (A+B log H 


■ (4. CO.' »)<;.■ 

^1 or as tills may be wi-itteu ^^M 


H f=y'^ eoB {s ein l,) (C + Dlyg (s coB''^)d«, -^H 


H when ^^^1 
1 p_A+Blog, 4_j,_B ^ 


^ft Before going on to the applicatiou of 
^B tbeee i-eBntts to the problem in hand, we 
^M will inveetigate the change produced in ^^^ 
H the quantities J, and Y, by allowing a tO' ^^M 
H become very great. ^^M 
H Instead of / in the differential eqna- ^^M 
^1 tion J/'=o write /.^tbie equation thus ^^H 
^1 becomes ^^H 


1 '^-(-4^W.-=» ■ 


^H and this for s very large is simply ^^H 


^L .M 



^,, +}■/•-'■ 

This equation gives on rategration 
f*/l—a cos « + S sin s 



/= 



I COB » 4 



V* 



when « and 5 are of course constants.^ 
We bave then ohviously from this 
a COS « + /y sin * 

a+/3' sin « 



J.= 



Y.=- 



v^ 



from which we can see that for infinitelyS 
great values of s the functions J, and T.-J 
will vanish. 

Now by substituting for « its value of' I 
Gr we can, by taking as the argument of 
the functions thus obtained the quantity 
— — - write/in the form 



jl+i|-j,j,J(A+Blog,2v=S) 



Por convenience of reference hereafter 
we shall write this in the form, 

/=AP{e)+Bn{e). 

Sub Bti tilting this value of fin the expres- 
sion for q> we obtain, 



or expanding this and writing instead of 
' A and B, the quantities «„ i,, tfj, \, a„ /?,, 
/i^, we liave 

+fcoB ^ H„_, ^„_, I 

• This gives us for !/, u, w the following 
values; 






a) .!P 



V'Vt + «.« n'<(: 



+ {™^< 


m 

I ez -az\ 


1 


+ COB 


TiK»,/-)Ysm 


.= {^L^ 


(»?..,-/') 


■ 


«"T'U?.. 


'"ii^B 


.{..?5, 




H 


+ C0 


in J m - 
T l*,e+«. 




w=P ein — <ff(^ 


r-:,r) 


H 


+ P 


e„4',.(„, 


fT2 -(re\ ^H 


,a.A(,;!_ff) 


fl 


+n 


c»??,.{./l-')H 


The espresBion 


for the fluid 


pressure ^^| 


is obtained here u 


1 the Bame d 


aanner as ^H 


in the case of plane waves, and 


■ 


-'](") 


^+^2i+conBt. ^^H 



"Writing as before 2=25 + 10, 
that a and v) are quantities of the first 
order of magnitude, and bo discarding 
terms containing dto or liigher orders, 
we have 



In, 



2!T 

4-Peos — t 

{m:;ur-)M:'-.T)} 

■\-£l sin — - T 



I 



For particles on the surface of the fltiid 
at rest we have, of course, z,=ff and 
P=p,- This gives us 

ps..-,{(V')k..)«.(.,-.)K 
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1 




+ !«. 






H- 


in i az 


-)}1 




,= {.. 


2j / m -„.\ 
r'^V + V ; 








2t/ ffz 


-")}' 




1 -{.i«V''(v./<:r) 








in / ffz - 

+""t'U,»+«, 


")}^ 




.=P.i.^,.(„;i-f) 








+Pcos?^(,r(„_ 


ax -a 

e - «,£ 


1 


H.a.»^f.(,^/^^-;') 








+flco. ??,,(,, 


(72 -ffZ\ 


The expreBsion for the fluid 


presstire 


is obtained here in the same manner as 


in the case of 


plane waves, and 


is 






J 9)+£w;-+const. 




■ 


?- 










(M\ 




stant. This 
in the form 


vftlne of (p 


may be writtea ^^H 


^=ri 


-<,(h-z)\ 




. ■ 


C(«,P +a,n)sm ^( + { J,P + J/i)cos*^-^ '^^| 


from which we obtain 




■ 




•<tx* 

dn\ 


■f ) ■ 


Bin — 






[(a,P + o/l)Bin ^( + (i,P + fi,n) 


o.^<] ■ 


We have, however, 




■ 


(IP dP dd 
d ~dddx 

consequently 




I 


> 






-M 



a-yMh-.) -o(A-.)u / rfP ^v 

°=-XW + = /I r'SB+"' *)j 

. 2ff , /, rfP , di2\ 2jr 1 

From these equations we see that the 
path of the particle is always in a plane 
passing through itself aud the axis of z. 
The expression for p becomes now ^ 



p=p,-\- p(js,-\- 



2pgG I (a, 



i,fl\sm 



2* J 



f(i,7r + 6/2)c. 



2n\ 



) ah -ah 

e + e 
The values which have been obtained for 
the displacements and the fluid pressui-e 
afford the complete solution of the prob- 
lem under consideration. 

The results obtained are, however, very 
much modified in the cases where the 
parfciclea are removed to great distances 
from the axis. We have already seen the 




ciiEuige produced in tJie function /in such 
a eaae, viz., this quantity becomes 
•ss + bauis 

or since o is a constant 

Acos ar+SBin Or 

f vf ■ 

We might liave so transformed our first 
obtained value of/ that the infinite series 
therein contained should have proceed- 
ed according to ascending powers of -^ 

and thus obtained the same result; this, 
however, would have been a difficult pro- 
cess. 

The quantities P, and D. are now given 
by tlie equations, 



Substituting these in our value for cp and 
we have, t 

■j (a, Bin ffr-l-a, eosff**) Bin — ( 

,. ■ I , 2ff I 

+ (o, am ffr+OjCos ffr) cos — t j- 



^^^F 101 


■^H 


for the Bimpleat case of 
make ct,=6,=o and a=b = 


waves we can ^^| 
a; tlius ^H 


Differentiating tliSa^ lor r gives ns the ^^M 
radial velocity of a partite, repreaenting ^^H 
this by r; and we have . . .: ^^| 




■ 


|<Tacoe(~(+ffr)+|.Bii 


^m^^ ■ 


diecarding term containing 


--" ■ 


also 


„(^,+„);v>^ 




-("'-) .. 


The espresaion for p also becomes, 
after making the proper substitutions 
md reductions, ^^_ 


p-P.'t-pgh + ^pg^^ ah -ah ' ^1 


-(^-^a 



Introducing now the wave length I we 
have for great values of r 



Vr + l:, ^Tr 
ancl also for a first itpproximatioii, 
1 -.'•■ '■ • 1 1^ 

we haTe,"_a3, before, <t=—, and I = 
Thua^^.lMcomes now, 

■ ■■■' "'(J-.) -^(M\ 



..'^^C 



I ah ~oh 
Jlnch -ah 

' £+ f 

which for great depths or 1 

near the surface becomes, 



I 
I 



/I- 



7he same deductions are to be made 
here aa in the case of plane waves, i 



that for particles any where within 
the maes of a fluid of inflnite depth or 
near the surface of a maBS of finite depth 
the Telocity ■vaiies ae the equare root of 
the wave length. Write now a(T=—a 
and collect all of oui- expressione : 
_ I a \. 2a-,, 



2ffv'r. 



+ e 

Bin —iwt^r\ 

S + £ 



+ ' . 



?i[....) 



f + e 
We 866 from these espressions that the 
amplitudes of cylindrical waves differ 
only from those of plane waves by the 
factor - 



in cylindrical waves the 
B inversely as Vr — and 



-\/r, 
amplitudes v 
for particles veiy remote from the axis 
the amplitudes will vanish; whereas in 
the case of plane waves we saw that the 
amplitudes were always the same for the 
same depth. 

From the expressions for the displac 
ments we have as before 



7(Mf(M[ 



(A_) (A_) 



Now if A be finite we have as before for 
partides within the mass of the fluid — 
exLcept near the surface — that they move 
in ellipsea whose plane is vertical and 
passing through the wave asds, and 
whose transverse axis is in the direction 
of r. Also the axes of the ellipse de- 
crease as r^ increaseB and for particles in- 
finitely remote from the wave axis they 
Taniah, or these particles are at rest. 
The axes also, as in the case of plane 
s, continuottsly decrease as z in- 
creases, and for z=h the transverse axis 

becomeB and the vertical axis van- 
ishes as it should do. 

If s be very small as compared with A, 
the equation of our ellipse becomes 

A- I '' A' e ' 
when 2?T, 

V'-. 

This is the equation of a circle whose 
ndiuB is 



At 



Tliat is, for particles near the surface of 
a masB of fluid of finite depth, or for 
particles any where within the niass of a 
fluid of infinite depth, the motion is in a 
circle. It is shown as in the case of 
plane waves that this circular motion is 
nniform. In fact, all the results that we 
have obtauied for plane waves are trans 
ierable into the corresponding results for 
cylindrical waves by merely multiplying 
1 



Suppose now that we have a sei-ies of 
n waves of the same wave length and 
amphtude bnt of different phases, start- 
ing from the same axis; let these waves 
be defined in the same manner as in the 
case of plane waves and we shall have for , 
the resultant wave function m 

^ 1 5(4-.) <7(A-.) ( I 

o-V," I ' + • I ■ 

Bin <r{wt + r + 4') 



Sg,= - 



"(Ll *) 



SOj COB ffaj 

If the wave lengths are the same, bnt the 
amplitudeH different by reason of differ- 
ent initial Talues of r^, the change in the 
form of these quantities is very slight; 
they become 



-■"■f/Pi 



+ 2i' 






2 — =. cos ffoj 

Suppose now that we have two waves of 1 
the same wave lengths and amphtudes. i 
but of different phases and going in 
opposite directions. The resultant wave I 
function will be 



2a I o(A-z)-ff{A-3) I 

ein ff('"(+ ^)™^ (Tlr- 

which corresponds to a etanding wave. 
Mfferentiatiiig for r and a we have for 
the displace-in ent of r/ and w. 



Qff »( + „ 






<r(.(+^)cos<T(.-^) 



i 



The ratio — is independent of t, and 
we mate the same deduction ae before, 
that the particles move in right lines 
whOBO inclJnatioiiB to the axes vary with 
2 and r. 

SnppOBe that we have a series of par- 
allel wave axes, and that waves proceed 
from them having the same length and 
equal amplitudes but different phasecbf 
Let the wave functions be given aa 



ain*T(ui(+r<<') + «J 

sin (T{oi;+r(^) + aj 

^ ffVrWl* + = i 

adding these we haTe 

J siiig(i»f+r' + a„) Bin g(<iji+»-<') + a,) 
Bin g(&>i+r<"i +a») I 

■■■■+ VTF J' 

from wliieii 

M, !»(*-;) -"(MJ. 

"I v'r7»J~ 

8illO'{£B(: + /n> + a„)") 

"■ ^^/7W -* 

The wayea may evidently so move that 

at certain points the vertioal displace- 



meute {EdialL be fign&l to sera ^£ 

dfitecmme iiheae pointe b^ phusix^ :&e 

icigoxiametric factor of « aquiil to zsaroi 

thus 

mi c (ii#r4-r<*> -}-«„) SID g (gi^^r^)^cj "^ 

This €25ireBBiaD can be dmded into two 
parte, one of -^Mcii shall bKve iar a 
isifsiKjx «m cr fi? t, and the a£her cos 17 » 1 

( COB e'(r<<^^-l-o„) 



COB (J (r'^)-haj 



H- 



-f . 



COS & (r w-j-a«_) [ 
-In) i 



em ff (rW -f a^ 



-f 



•V' n^' 



^ sm 6'(H*,-fa^) \_ 

£iC[XiicU' tKiparKtetlT to 2ero the factois 




If now -ffa,=^{2tt + l)7r this eqiiation 1 
will be satisfied, i.e., if 



Therefore if the difference of phase is an 1 
odd multiple of half the wave length the 
vertical displacement is zero^ — but only 
for the points for which »'„''''=r,'^*. The | 
points defined by. the equation 
r^(D)=,.^(i) 

lie on 6, plane which from its relation to i 
the waves may be called the plane of I 
symmeti^. We will now examine a httle J 
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more cloeely the conditions at this plane 

of symmetry. We have ^H 


sin <r(»<+r) 


Bin (!((«; + r' + a,) 


writing, for convenience, r' for /■*'', • We 
have also ^^^ 


_d<pdr dtp' dr' ^^H 

^ drdy'^dx'dy ^^1 

when j-'=a:' + y' and r"= {a;-2a)'+5^M 

Kow Bince '^H 

ffa,=±(2n + l)»- ^H 


we will have for r=T' ^^^^k 


dfp dtp' ^^^^k 
df^~W i^^l 


At the plane of symmetry »-a so that ,^^H 


dr_ ldT'\ ,dr_dr'_ ^^M 

dx \dxr dy~dy ' ^^H 

Therefore for r=r' we have • ^^H 
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u=3^ — , v=o, w=fl. 
dx dx' 

That is, at the plane of eymmetry tbs ' 
displacement perpendicular to it is twicB <. 
as great as that due to either wave acting i 
separately, and the displacements paral- 
lei to this plane and the vertical displacft- j 
meats are equal to zero. Suppose now, 
further, that a=o: then we have far-| 



dr dy 



dz 



From which we have — ^if there is no 
difference of phase between the wavea 
from the parallel ases — at the plane of 
symmetry there is no displacement in 
the direction of the asis of X, i. e. in the 
direction perpendicular to this plane; 
also that the displacement parallel to the 
plane and the vertical displacement are 
twice as great as they would be if there 
was but one wave. 

The reader who is interested in the 



I 
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subject of wave motion will do well to" 
read an article ou the subject by Lord 
Rayleigh in the April number of the 
Philosophival Magazuie for 1876, An 
article in the September number of the 
same pubUcatiou for 1878, though not 
beai-ing directly upon the suViject, wUl 
also be foxmd to contain much that is 
of value and interest; the article refen-ed 
to is entitled " Hydrodynamic Prablems 
in reference to the Theory of Ocean 
CurrentB," by M. Zoppritz. The mathe- 
matical theory of wave motion remains 
pretty much as Airy left it when he com- 
pleted his work on the subject — ao no 
better reference can be given than to 
that work — for any one wishing to ac- 
quire a thorough knowledge of the sub- 
ject. 



FBEE VOHTEX MOTION, 

We have already seen under what cir- 
cumstances it is impossible for rotational 
motion to exist in a fluid mass. If the 
floid in its initial condition has irrota- 



tional motion — or, if it be at rest, and 
motion is induced by a system of con- 
servative forces, tlien the motion will , 
always be irrotational ; i. e., if tlie quan- 
tity 

udx + vdy + tcdz 

ie at any time an exact differential it will 
always be one. The conditions for thia 
quantity being an exact differential are 
dw do du 



dy dz 



' dz dx 



&e. 



that these quantities are 
TO, but that we have 




dv\ 

"iizr 




dte\ 
~dxh 


, Ifdv 


-t)' 



equal to z 



The quantities £, if and i3, as is well 
known, denote the components of angu- 
lar ■velocity around the axes of x, y and 
t, respectively, of a particle whose t»- . 
loeitiea parallel to these axes are 
That these quantities should have certain J 
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definite values different from zero is, of ' 
course, the condition tliat vortex, or rota» 
tional motion exist in the liqtiid. These 
vfdnea of S, r) and ^, pre-suppose that 
we know the values of ti, w and w. A. 
problem that now immediately presenta I 
itself for solution is to find the valuee of 1 
It, V and w, supposiag ?, i; and S, to b&J 
given. ■ 

Assume three fnnctions U, "V and '^\ 
such that 

~ ily ~ dz 

dz dx 

^dV dV 

~ dx~ dy' 

The qnantities v, v and w must satisfr 1 

the equation 

du dv dw 
dx'^ dy '^ 1^ =°- 
It is found without difficulty that this ] 
equation will only be satisfied by the J 
above values of u, u and w if the follow- ] 
ing conditions hold. 



rf'U d'V iVJJ 



rf*V d'V (?'V 



rf'W d'W rf'W 



(iU rfV dW 



(Jx dy dz 
The integrals of tlie first three of these 
eqimtiona are well known to be given by 



Ifff. 
'\//f 



S'dx'dy'dx' 



V(:.'. 


:'^r+v-!/r +(''-■)"' 




n'du'dj/'ila' 


V(«' 


-'Y+b'-sr+i,''-')" 




I'dx'dy'dz' . 



V(i'-x)'+ (»'-?)•+ (.-«)■ 



I 



where x','y,z' are the co-ordinates of any 
other point in the vortex element, and 
f,' I/,' C' are the angular velocities at this 
point; the denominator, 

'■=\/(a:'-xj' + (y'-y)' + {3'— a)' 
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denotes the diatance between this poinbiJ 
and the asaumed point to which the TJ,V, 
W refer. Before going further it will be 
convenient to give two of Hehnlioltz'e 
definitions. The line passing through 
any point and coinciding at all times in 
direction with the instantaneous axis of 
rotation of that point is called s 
line. If we consider a number of vortex, ^ 
lines passing through every point ii 
perimeter of an infinitely email surface ] 
they will cut from the rest of the fluid a 
filament which is called a vortexjilmnent, ' 
or a vortex filament is an infinitely small I 
filament of the fluid whose bounding buf>'' I 
face is made up of vortex lines. 

Now, in our equations giving TJ, V, W, 
the points x, y, z and jc' y', z' are aup- 
posed to lie on the same vortex filaments 
we can represent an element of this fila- ' 
menfc by dt, then our equatione 

V- i- / &, 
*- 2»./ I- ' 

„ 1 /•"''' 



■where the integrations are of couree ex-^ 
tended over all the space which ie sap- J 
poaed to be filled with vortex filamentB,-] 
Now to examine the condition 
dV d\ f^ _ 

(ix + (i^ + rfa -"• 

By differentiation we have 
dx ~~^J J J P 



l^ f f f (j/-y')v'dz'dy'd2' 
_^ /■ /■ /■ { z-z')^ 'd x'dy'dz ' 



rfW_ 

dz~ 

Integrating by parts we have, 
dU___l_ y /• B.'dy'dz ' 

rldS' 



sV//?f>^'**1 



^__}^ f pl'dx'dz' 
dii^ -In J J T 







throughout the entire mass of the fluid 
we have 

dV rfV dW^_ 1 J / f £.'dy'ds' 
dx^ dy'^ dz -~in\J J . ,r 

/• rtj'dx'dz' /• /'Z'dx'dy') 

This can readily be changed mto a sur- 
face integral. If da denote an element 
of the surface of the yortex filament and 
COB a, cos fi, cos y, denote the direction 
cosinea of the outward normal to thia 
surface, we have 
dx'dy'=da cos y, dx'ds'=d<y cos /3, 
dy'dt'=da coa &; 
therefore our integral becomes 

1 rl 

n— / ' [^S'coB& + j/'coB0 + C'cofiy']dff 

taken over the entire surface. Kow from 
the equation 

d£ drj dZ_ 

dx^ dy"^ dz-"^ 



/J /{r^^ 



dr) 
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by integTfition tluB becomes 
ff Hdy di-Vfft} dx dx+JJ'dxdy- 

or B.B n Gurfaco integral, 
/(^ cos a+»? cos /3+: cos y)ds= 

consequently 

rfu dy_ dyf__ 

dx "^ dj/+ dz -"■ 
Substituting now the obtained values of 1 

tJ.V.W, in the equations «= -, -^-&c... 
di/ dz 

and we obtidn for «, v, w, the following ' 

values : 

if{x~x')'\dx'dy'ds' 
-:'(.i;-»-'):<fiiy'</z' 

or, as theso may be expressed, 

'=2^/(4-= Sh 



_ 1 /•/ ^ 



clx dyi 



\dT 



EepreBenting each of these differenti 
expressions by w', v', w' respectively i 
see that m', v', w' are the iucrements c 
w, 0, io, which corresiioud to the elemen^ 
dx dy dz of the vortex filament. WritJ 
ing for ; convenience of reference thf 
equation e 

, d ud^ dh 

, dri d^ 

''='iA^'d2- 

,_dT( d^ rfi\ 

^"^ ^'2n\^ dx ^dy) 
■we see that they give rise to the equa,fd(a 

Su'-^T/e' + Xw'-o. 
This shows that, considering u', 
the components of a certain new velocity 
the direction of the resiiltant 



-t^I\ 



'\/u" + -.'"' + w" 
of these components is at right angleft^ 
angles to the direction of the axis of ro-' \ 
tation of the element ^r. Again, ' 
h&ve 



and the direction of this lesnltADt is eletS J 
at right angles to the line r joining the 
element dr to any other. Thus we see 
that each rotating element of the fluid 
masB impliea in every other element a 
■velocity whose direction is at right 
angles at the same time to the axis of ro- 
tation of the first and to the line joining 
the two elements — i.e., at right angles to 
the plane containing the second element 
and the axis of rotation of the first. It 
is easily shown that 

,_ ^ rfr sin Sr 

'/■u" + v''+w"=2^ VS' + rf' + V -7— 

when 5 denotes the angle between r and 
the asis of rotation. From this equation 
we see that the magnitude of this indnced 
velocity is directly proportional to the 
volume of the first element, its angular 
velocity and the sine of the angle between 
the line joining the two elements and 
the asis of rotation; and aiso inversely 
proportional to the square of the distance 
"between the elements. Denote the an- 



i 
i 



giilar velocities at the time (=0 by 5,, t/, 
C, then the last equations of chaptei' 



^=^.*,+'?.;j 



v=s. 






dy 

•'•dk+ 



•'•„i,*'- 



I 



d^- 



a, b, c being the co-ordinates of an 
arbitrary particle we have for the co- 
ordinates of another situated indefinitely 
near this «-(-(?«, 6 + rf6, c + dc, and at 
the time I the co-ordinates will be s", y, s, 
x + dy., y + dy, z+dz\ now suppose that 
at (—0 we have 

da_d&_dc 

that is da, db, cd proportional to 
initial angular velocities — and suppose 
further that the direction of this indefi- 
nitely small line coincides with that of 
the axis of rotation. Call the common 
valiie of these ratios s, e being an indefi- 
nitely small quantity, independent of the 
time; then we have 



J 



Substituting these values in tbe al^OT^f 
eqiiatioiis, and we have 

da=Se, dy=i}£, dz^Sz, 
or 

dx_dy_dz 

consequent! J the direction of the lina^ 
joining the indefinitely near elementa 1 
will at all times coincide with the direo- I 
tion of the axis of rotation. This com- 
bined with our definition of a vortes line 
shows us that every particle of fiuid that 
lies on a vortex line at any instant will 
always remain there. If we call w the. ■ 
resultant angular velocity we have 

or the angular velocity so varies as to re- J 
main always proportional to the distance 1 
between the two particles. We have al^ I 
along supposed the density of the fluict I 
equal to imity. Remembering now o 
definition of a vortex filament, we b 
that any vortex filament must remain I 
composed of the same fiuid particles^ J 



Coliiti^ now k the croas section of ■ 
fi lam en toil 'I I an indefinitely small lei 
of tlic filament, tliat in 

'= ijdx' + dy' + 1/«* 
we have kl=a(mtti.; btit / is proportional 
to w, therefore u'i=conBt. or the prodmet 
of the aii^ilar velocity of an infinitely 
Mmnll portion of any filament into its 
CTOM section in a constant Call now k^, 
A, the crOBB MeotioDH of a filament at points 
whose angular velocities are given by «„ 
(u,: and let dr denote an element of the 
filnxntnit : 

=: ~Jda \fi COS (nip) + ;; coa (My) 

+ t cos (««)] = — /(?0'uf cos (urti). 

Now from the yaluea of £,, r/, C, we see 
that the factor of dr in the left hand 
integral ia=o; 

■./da<a COB {uin) = o 

But at the ends of the portion of the 

vortex filament that we are considering, 
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we have cos (ium) = ± 1, and for all other 
points cos {oin)=o, and consequently our 
integral is equivalent to 

or tlie product of the augiilai' velocity 
and the croaa section ia a constant 
throughoiifc the vortex filament. As 
each rotating element of the fluids implies 
rotation in every other element, we have 
that all the paiiicles of fluid must be in 
motion, and consequently from the defin- 
ition of Tortes lines we see that these 
lines and consequently the vortex tila- 
mente cannot terminate within the fluid, 
but must eitlier terminate in its surface 
or must return into themselves ; the 
former of these cases is illustrated by 
the vortices formed in running water, 
and the latter by smoke lings. 
If in the espression 



//M" 



dx 



^d{vV-uV)l 



■we substitute for w, w and w their valneB 
in terms of the derivatives of TJjViW, we I 



find that this ie equal to zero, and i 
it we obtain the sti-ikiiig egimtioi 



M 






^ 








dTSV 
dyl. 


=/,„ 


H% 


-|)+-(s 


4S 






/rfii 


-1), 






+ns- 


/*(' 


■+."+»-)=2///,r. 


' 4 






|TI^+T, + W:] 


But we 


may wn 


te for r, V, "VV the valuq|j 




r= 


1 /"^'dr' 






v= 


1 /■,,'((r- 
&/- — 






w= 


1 /'X'dT' 


1 


.■./*(«■ + »• 


^'•^-Jt 








WS' + n^+KCi 


But the 


expression for the energy of tbS| 


flnidis 






1 


■ .. 






J 



= li/jT(u- + «•+„•) 



and by virtue of the above we have 

We can now take up the simplest case c 
vortex motion viz., that in which the m.o- 
tion is parallel to one plane. If we 
sume this plane as jyy and fiu'ther make , 
the motion independent of 2 we have the I 
angular velocities around ',1; and y, and 
the velocity in direction of z equal to 
zero, or 



We h«TO ana 








i/W 


Ux 


from which 


rf'W 

=-!:? + 


rf'W 
df 



which givef 



-— y^ log P 



when rfo" is an element of the plane icy, ■ 
Of course as I is independent of s we 
might have obtained this by integration 



from our general y^ae of W before 
given. Here p represent the distance 
of the element da in the plane xy from 
any other point in that plane. Each 
vortex filament implies in any other pai"- 
ticle of the fluid a velocity whose eta 
ponenta are, 

1 Zda dp , 1 crfo dp 

— — -. -f and -. . -f 

71 p Uy Tt p dx 

and whose magnitude is 

1 Ua 



The direction of thin velocity is given b 
the cosines 

(/»/' dx. 
and of the line o by 



!/.,:' 



or the direction of the velocity is at right 
angles to p. Assume two quantities a 
>j^., which define by the eqnations 
x^/^da=fx-da, 

yj''<^ff=/y'dff. 

Jfow if we regard C ab the density of a 




inaeB distributed over the element <la of 
the plane v-y we see that x^, y^ will rep- 
reeent the co-ordinates of the center of 
gravity of this mass. Now I, the length 
of an indefinitely small portion of our 
Tortex filament cannot alter, consequently 
by virtue of the equation AZ=con8tant, 
k or ds cannot vary with the time and 
by virtue of ^■'u= con slant, w or C cannot 
vary with respect to the time; conse- 
quently, we have, by differentiating with 
reference to ( 

Bnbstittiting 

dx_ _ 1 r%'d<s' y~y' 
dC "~~ff/ p ' p' ~ 

ily 1 f^'da' x—x' 

-£ = ^=- I . ~ ' 

at 71'' p p 

■we have 



The double integralH &re=o therefore 



dt" 



dt 



or the C€mter of gravity of the filamei 
does not change with the time. In i 
case of only one vortes filament let i 

fe,da=m 
for particles as at finite distauce frca 
the filament we have 

d\\ d-^ ^ 1 . . 



dy 



rf^' 



for particles indefinitely near the : 
ment we see that W, v.. v, are infinite and 
depend upon the cross section of the flla- 
mejit and the angular velocity /i. "We 
also know that at the center of gi-avity of 
the filament w and v~o. Each particle of 
fluid thirt is at a finite distance from the 
filament we see has a uniform velocity of 

— and moves in a circle whose center is 
jtp 

the center of gravity of the vortex fila- 
ment. Suppose we now assume a number' 
of filaments whose cross section is indefi- 
nitely small, "Write in general 



ber-JI 

Lefi-'^H 



and let Xi yi denote the co-ordinates of 
the centers of gravity of the filaments at 
the time ( and a their distances from 
the point (jy). Theu for all points at 
finite distances from the filaments we 
have as before 



, W= 



Snu log Pi 



'So'w each filament uidiiGing a certain 
amonnt of motion in every other particle 
of the fluid induces motion in the centers 
of gravity of every other filament, there- 
fore the filaments change their places in 
the flnid. But here, ae before, that por- 
tion of u, V which each vortex filament 
gives to its own center of gravity is — o. 
SnppoBe that the point from which the 
p, are measured is one of the centers of 
gravity, for example a: y. This will ma- 
terially simplify the investigation by con- 
fining us exclusively to the influence of 
the system of vortices upon its difi'erent 
members and as this point x, y, is an ar; 
hitraiy point no generality is lost. W^ 
have thus 



I 



(m, log ,., 


, + >»,log 


|0„ + ...W1iloj 


or briefly 






W,= 


7C i=s 


»"( log /lit 


We can now 

that 


asBiuue 


a fanction Q 


Q= 


:- lj2™ 


mlogp 

J ii 


and then we 


have 




.dx. 




,dx, rfQ 


' „. * - 


__rfQ ^ 


dy,_ d^ 



' dt - 



rfx' 



■ dt - 



A'complete syetem of mtegrals cannot ba % 
in general obtained, but by observing ona fl 
peculiarity of Q we can obtain two inte 

grals— 

p.-}=V(Xf~Xiy-i-(yi-yjy 
If we iucrease ic.-,iFj, or y{,yj,hy the sam^ 
quantity, pjjwill be unaltered; this giTeil 
us then 



^^^' -„ -y« 



^ -7 — =0, i 



from wliicli 

2m i Vi = const. 

J^nj( y; = const, 

or the center of graTity of the system of 

vortex filaments is unflltered. Again 

"■■('1'*-%''")='* 

we hare 

rfQ=o, -■. Q=con8t 
the eqiiation of the lines of flow of the 
d. Introduce now polar co-ordinates, 
ic,— />, cos S| x,~p, cos S, -1- . . . . 

y,=P, sin 3-, y^=p, sin 5^ + 

we have by these substitutions 
dp, _d^ dp, _ <^ 

tu ~ (is; '"'''' "(ft ~ rfs, 

rf^, rfQ (/S, t/Q 

iw we increase all tlie S'a by the sama . 



quantity, Q will evidently remEun i 
tereil and we have the eqaation, 



Tbe first row now gives by addition 



or i>»( Pi *=const 

Now let us suppose d to remain 
changed bnt /> to become 7ip, then lo 
becomes log /i+log n, and log />,-,- 
comes log /ly l + !og n, and in coi 
quenee Q will be increased by 
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Eut^ 



e have also 

rfQ dBi 

Subatittttrng this value gives 



JS Mj( p'd5( 



at ^ 



AEsamQ no-w the case of only theee 
Tortex filaments existing in the fluid. 

The equations Stiii^, = const. ; and 
Sniii/i = const, become 

«l,p,CO8&, + Wl,/3,C08&, + OT,/J,COB&, = C, 

m^pfiiaS-^ + rrt,p,ainS, + m,/3,sin&,=C, 
Multiply the first equation by cos &, the 
second by Bin S and add, 

m,/), + m,/j,co8(S,-S,) + 7fl,p,cos(9,-,-^) 
=:C,cos&, + C,8in9, 

Again multiply the first by sin S, and the 

second by cos 3, and add 

»n^.sin(S,-3,) + m,/i,8in(5,— S,) 

=CjCos/)j — CjSinS, 



l=. 


TT 


[«, 


^,"'>gP„ + " 


i.w'.log/'i, 




Qd 






+ m,m.log/> 


„+....] = 


const. 




m 


,P, 


,' + mjJ,' + m 


^p,'= const. 





Tkrotiffb these four equations t 
expresB any foiir of the quantitiea /3,)/>^pj9 
5,-S„ &,-S, in terms of the fifth ; fffl! 
example p, -, then the eqiiationa 

^. , ,„ lit ^ 
^fitiipidS'i = — 2.tmmj 

will enable us to expreaa S, and t as funo- 
tions of p^ and afford a complete Boln- 
tion of the problem. 

Assume now only two yortices, and 
take the origin of co-ordinates at their 
common center of gravity. This poinfeifl 
does not move, and we have 

<IS, _ rfS, 

'dt ~ dt 
Q in this case becomes 

m,w, log (/3, + /3,)— const. 

andfdso 

2mif^ =iiHpl + iii(pi=comii. 
from these two equations we obtain 

/3, = const., /3, = const. 
Again the equation 



giving 



dt ' 



dl 



If the direction of rofeitioii of both 
Tortex filaments is the aame m^iii, [wMcli 
depend on g, and 5J have the same sign. 
But suppose m^^ — wi,, then 
<?&, 1 m, 
dl ~' }i p*—p* 
But we have now for the center of 
gravity 



y= ^-~^ 1-5-=: 00 

or the center of gravity of the two fila- 
B lies at infinity. Their velocities^ 
theii- angular velocity x by the distance 
.from the center of gravity differ from 
li other by an infinitely small quantity 
^d can be espressed by 



i fit 
■^ oar pncMtfing 



tiie ilireeooa ai c&e tFi"tinn ia, of ei 
{)«rp«oi&niIar Co the Gne gMi^ ths oatt- 
ten of gravit; of die two fi 







firigin. then the partiele above r 
trt win lie at the ori^n. Also ■ 

"» — ^=a the ab6<date lii^taim of c 

z 
ttBDmt brmi the origiiu We hare ti 
for the co-ordmatea of the fikmentB J 
the lime ( Iff, y') and, by virtue of i 
biM be«D N&iil the co-onHnatefi of i 
pftrtide eriginallj at ttie oiigin wiU | 



(0,4j/'). The eqimtioiiH of the lines join- 
ing these two points ure 



The intersections of these lines with y= 
are given by 



^*a 



OTX=^±iip,-p,) 



that is, the lines joining the particle half 
"way between the filaments with the cen- 
ters of gi-avity of the same pass through 
points on the line joining the origi- 
nal positions of the centers of gravity of 
the filaments. The points he ontaide of 
■the original positions of these centers of 
'gravity and at an absolute distance from 

j|ieni=j(ft-ft)=}, e-Zt!. 

The particles of fluid that lie in the 
plane bisects at right angles the hne join- 
ling the two vortex filaments will remain 
in this plane. If this plane be considered 
as a fixed boundary, we have by con- 
eidering one of the filaments the case of 
I filament moving parallel to a fixed 



platift which hmitB the extent of 1 
fliihl. 

Let U8 now aKsume that the vortei 
lihunents are so arranged tts to form the 
coiitimioHB HUrfftce of an eUiptic cylinder 
of finite crosB section, and forthej 
Bs«u!ue S as constant for every point « 
thix eruBM gectiou. As the same particla 
of ilnid constantly remain in any ^ 
flhimmit, the hounding ellipse o: 
eroHH section of the fluid will always 1 
(lompoRed of the stime fluid particln 
Thfi equation of tliia line will be ( 
tioii of X, 1/ and t, and may be ^ 
for the moment as 

Then by virtue of the above we hai^ 
generally 

•£ + ''1^ + *: *=„ 

dl dx lit dy dt 



or 



L 



f +, 



dx dfj 
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Therefore this equation becomes 

dt ily dx dx dy 
Now the general equation of our ellipse 

a, ^, Y are functions of t. AsBtune 
anolJier system of co-ordinateB coinciding 
with the axes of the eUipae and also paes- 
ing through its center; then 

3;'=a;co8 6+y sin S 
y'=~-x Bin B + y cob 6. 
Call a and h the aemi-asee of the ellipse 
then we have for its equation, 

Substituting for a:', y\ their values as 
given in tei-ms of x and y, and this 



.A'sin'S + rfVos'S 



Comparing this with 

ca?+^fixyh-yy'-~=l 



and we obtain. 



= (*'— a')coBSBm9 



In these a and dare coaetant, but a, fi 
y, 3 are fiinctionB of (. Now W satisfil^ 
the equation 

the interior of the ellipst 
( obtained by integratioi 



for all points i 
and its value 
of the equatii 



'/^S 



i S'K 



The integral of this is 



or, since we only use 
W, we may write it, 



the derivatiTeB { 



for all interior points, and for pointB a 
the boundary. If now we write fiw.J 

brevity, 
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=b cos' S + a 



W=0- 



a + b 



(A.v'+2Biy + rs')- 



Let UB examine again the condition that 
obtained for the bounding line of the 
croes section of the cylinder, viz : 

dt dx dy dy dx ~ 
we have 



dj__d^ 



dt dt ' 



■ dt' 



dl' 



d/dW _ 
dx dy 



-(ra+/i)(SBx + ry)- 



, 4* 



dy' S -vz-T-SA—T-Wo-irj- 
.Equ&tmg to zero the co-efficients of x' xy, 
■and y' separately we have 



.dH 






t'bL^ 



■■iswr-rB). 
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If Sr cannot be determmed as such 8^ 
function of f as to satisfy these equatioi 
then will oiir equation of condition 

4f d/dW _dfdW_ 

di dx dy dy dx 
hold for aU points in the cross sectioi);^ 
Jforming the derivatives of a, p, y witBn] 
respect to ( and transforming them by 
reference to the values of A, B, F we 
find that the function of ( sought is given 
by the equation ^H 



dB 



-'^^7 



(« + *)' ^ 

We have thus the value of the angular 
velocity with which the cylinder rotates 
around its asis. The rotation of the 
cjhnder also induces relative motions 
among the component vortex filaments. 
These are obtained by regarding x' and 
y' as functions of (. We have by differoztJ 
tiation 






, d^' 



m " dt dt Ut 

and the other components of the veloc 
ties in the directions of x' and y' are 
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dW (TW 
dy'' dx" 

Therefore we have by combining these 

dx' _dW ,d^^ 

dt "■ dy' "^y dt 

dy[ __dW __ ,1^ 

dt "" dx' dt 

Now, 

dW_ 2aS , ,trW_ 2Sbx' 
d^'-''a-^h^'^^dx''"'a^h 



and 



Therefore 



^^5=2- ^^ 



efo^ — {a+hy 



dx'_ 2<ga' , dy'_ 2g^>' , 

Differentiate each of these for t and with 

^=2<S ^ 

and we have after integration of the 
resulting well-known powers 

a5'=a^cos {6t-\-%) 

y'=b I COB (0«4-^) 
when I and i are the constants of inte- 
gration and determine the particle of 
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fluid to whicL x' y' have reference. /3>4 
1 because then for the easea when ' 
COB <,dt+i)=X we should have x'> a 
which cannot be, .■, Ms a proper frac- 
tion, d of course denotes the an 
velocity of the cylinder, or 

from which d=Ot. 
Solving the equations 

3i=x con B + 5 em S 

y'= —X sin 9 + 5 cos S 
for X and y gives 

x=x' 008 9 — y' Bin ^ 

y=a^ sin 3- + y' cos 9 
Substituting for x', y' and S their valuSi 



x=alcos (dl+i) c 
y=^iilcos (dt + i) s 
by . 



i.Ot. 

-bl Bin {dt-V 



) sin Ba 



iSt 



+ bl sin [et + t) COE 
expanding the quantities cos 
(dt + i) and collecting the terms thesBj 
equations may be written 
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x= -~ ^cos {2dt+t)A — 2^^^^ * 

y= ^ ^ sin (26^«H-t) s— ^ sin « 

by differentiation with respect to ^ we 
obtain 

J=-(a+5)(9Zsin {2dt + i) 

^=(a+b)ei COB {2et+{) 
from which 

and also, 

From these equations we see that each 
vortex filament moves in a circle with 
uniform angular velocity, the time of ro- 

7t 

tation being evidently ^; and that the 

position of the center and the radius of 
the circle varies for different filaments. 



a+5\'^. 
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Suppose one of the Bemi-ases a or b tobefl 
infinitely greater tiip-T the other ; thiS'l 
gives 0=0, and consequently 3= 
the Btmght line which has become thel 
limiting case of the ellipse does not a 
rotate. If a=b our elUpae 
_5 ■ 



circle, and we have 6= = ; 



this 



there is no change of the relative posi- J 
tiona of the vortes filaments, but they j 
all rotate around the common centrd | 
axis with angular velocity 5. 

The nest case of vortex motion that J 
we shall consider is that in which the 
vortex lines are circles having their cen- 
ters in the axis of z. The direction of 
the axis of rotation of each fluid particle 
will lie in a plane at right angles to z and . 
be parallel to the tangent to the vortai 1 
line at that point. The reader will do 1 
well to observe the motion of a ring trf J 
tobacco smoke ; he vnll see that the ring jl 
Beems to be turning inside out, each- J 
particle moving in a plane pass 
through the axis of the ring and revolv J 
ing in a circle whose axis is in the direo* J 
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tioB of the tangent to the ring. He viJi 'I 
also observe that there ie no motion I 
around the asJe of the ring. Now if we I 
introduoe polar co-ordinatee p and S we 1 
have, evidently, 

x=p COS ^ y=P ainS 
and for the rotations we may obrionBly | 
write 

S— —\ sin S', T}=X cos S, t= 
when A is not & function of ^. The | 
equation of the path of the particle is 
evidently one between 3% J/, E where a: and \ 
y are connected by the relation 

BO that the equation of the path otm b« 
made to depend only upon p and z. Be- I 
Bumirg now our equations 

_(?w _ (TV _ <ru __ f/w 






and observing that 

•In'' r 
these give 



W=o. u= 



_<rv 






If DOW we assmne an element dr' givec 
by the coordin&teB S', p', 2'. and foi 
which A becomes \': also denote by r i1 

distance from the point (ft &, z) or (« y z] 

Now oiu' equations for "D and V are 

_ 1 f^'dr' _ 1 /* A' sin &'<?«'■ 

V- J. /"^^ - A /J: 
When 

and 

r= V(z'-s)'+ /)' + /3"-2/3/3'cOB(S'-S) 
Now make for convenience 



'' dz'=p'dp' dz' dS' 



tins gives S'=(p + S? and dS'=dq> there>J 
fore we have again for "D and V, 

A.'[Bin (p COB ^+coBip Bin &]rfy 

V{z'-Z)' + P*-\-p"—^Pp' COE 
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^= ^//>'^/>' A'/ 



2;r. 

V [sin cp sin S^— cos ^ cos ^']d< p 

^/ {z' -zy -{• p* + p'^-^pp' cos ^ 
In both cases we have the integral 
/• sin ^ d(p 

•^ a/(z'-2)'+p'+/>"-2p/)'cos 9? 

this is to be taken between o and 2;r, 

these being the limits of 5'— 5, 

2;r 
/» sin cpd q) 

/ V^' - 2)« + p2 + p'« _ 2/)/)'cos ^ 

2;r 



=logV(2'-2)' + P'+P''-2/)/)'cos^] 

_1 (2^~g)' + p'-hp^'-2pp^cos^ _'' 

- 2 ^^^ (2'-2)' + p' + p"-2pp'cos^"'^ 

and our expressions are thus reduced to 

/• A'cos^sin^c?^ 

^ a/(2'-2)' + p'+p"-2pp'cos^ 

/• A.' cos 9> cos J9^e?9> 

•^ a/(2'-2)'+p'+p"-2pp"^cos^ 



Denoting tbe common integiul by ^ wel 
U= - .^fp'ilp'fdz' X' * Bin 9 

V = ^-fpUip'/dz' V * cos S 

^ will dearly be of the form 

^z'~z,p,p'). 
"U and V now differ only by a factor, in I 
fact we have 

V=-UtaiiS. 
So if we write 

we wOl have briefly 

U=-PaiuS, 

V=r P cos 3. 
The value of the function is not diffi- 
cult to obtain ; we have 

y •'OS tpdip 

a V(z'— s)' + p'+p"—2pp'eoB^ 
We will find the integration much sim-l 
plified by the introduction of a new vari- | 
able !?" defined by the equation 
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2 " 

Then we have 

cos ^= — [1—2 sinV] 
cos^t?9>=2[l— 2 sinV]^^ 
and for the limits we have when q) 

=(o,27r),^=(-^ , — -^V Making this 

transformation we have 

"2 

-2 sinV]t^^ 

+p''_)-2/)/)'-^p/)sinV 






2 



or, 



"1/? 



[1-2 sin' !?"](? !P^ 



a/(2'-2)' + (P + P')'— 4PP' COS ^ 



=-.y? 



(7<* 



\/(« -s) • + (P' + P)'iA 4pp'Bin W 

y ^-(a'-2)'+(p'+p)» 



./# 



2 siii*(* dip 






^ 



(3'-2)V(p' + /3)' 



=,t' 



Vz'-a)* + (p'+/j^) 2^pp. 



V/ap' 



1"^ \/O'Bin*0 



2^ /■ 2 Bin';!' c 



The first of Uieee Ib tlie complete elliptic 
integral of the first kind; we will, as 
usual, denote it by K. Examine now the 
second integral ; we hare on multiplying 
it numerator and denominator by ft 



157 

n 

2 

4 P k^ Hrn}(lfd(}i 



=,/ 



^a/pJ?*^ Vl-A;*sin'¥^ 



7t 

2 

,l-(l-.A;^sinV) 






n 

2 

4 r ' diP 



'J J ./■ 



^^pp"^ Vl-Jc^ sin' ^ 



n 

2 
4 



^y*Vl->^'* sin*"^'^^ 



The second of these is the elliptic inte- 
gral of the second kind and denoted by 
E; we have then finally for ^, 

J^ 4 4 

"" Vpp' ^^fpp' ^\/pp' 

or 



ise^^^^^^^^B 


and consequently |^^H 


-i//Vfifi-)K-i-M 


dfi'a^^^ 


-4//Vf|(i-f-|-M 


sin S d/s'i&'.^^H 


-V/V^j(|-)K-^}« 


COS 3 dp'dz'. ^H 


In the function that we have denoted by 


we see that the derivatives taken for 


z and z' have the same absolute values 


but opposite signs; consequently ^^H 


fflOJ ^ pp'ilada'=o ^^1 


vhen do =dpilz. But we have also ^^^| 


^P 1 /^, .d^ , . ^^1 


therefore ^^^H 


/.fM.=.. H 


Bat we have for the energy T the equa-^^| 


^^H 


^^^ T=/dz{m+Yv) ^H 
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Substituting for II,V,^ and 7 their values 
this becomes, 

integrating with respect to 5 from to 
27r, and writing again dpdz=d(Sy 

T=^nfVp\da. 

Substituting for P its value we have 

T^f^pp'Wdadc' 

when of course d<5 and d<5' denote the 
cross sections of the vortex filaments 
under consideration. Let S denote the 
component of velocity in which p in- 
creases: 

S=Vw*4-v* 
which is the same as 

^=8 cos ^ v=S sin 5. 

But 

dy dV ^ 
w= — ^--= — —- cos 5 

dz dz 
dJ5 e7P . cv 
dz dz 



therefore 

s=-: 

dz 



s=-lP 



Now for w we have 
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dx dy 

and sabstitatmg for U and Y their 

▼alnes. 

This gives 

dV^V 

dp p 

dp 
and we may also write 

«p=-^2>) since $=0. 
dz dz 

From these we have the equation 
p —\ da=o in the form 

f psXda^o 

and also 

dp , dz 
s=^ andw= — - 

dt dt 

therefore 

dp 

"dt 

and since for each vortex filament Xd(X is 
constant this gives 

/p*Ae?(r= const. 



/>■-£ "'=<■ 
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Some other interesting forms may be 
given before we proceed to the examina- 
tion of a special case. We had 



A;» = 



4:p'p 



Taking logarithms this becomes 

2 log A;=log pp'-\og [{z'-zy + {p'+py:i 

Differentiating with respect to p and z we 

obtain 

2 dk^ iz'^-zy-hp'^-p^ 

k^dp'^iz'-^zy+ip'+py 

2 dk zziz'-z) 

v2 — 



k dz (2'-2;)*-j-(p'-j-/9)* 

consequently, 

2^j dk dk \ _ j!'^ -g^ +/)^^ -p^ 
kVdp ^dz\ (s'-2)*+(p' + /))* 

The denominator of this second member 
does not change by the interchange of 
accented and unaccented letters, but the 
numerator does change its sign, also k 
does not change by making the same 
transfer, therefore 

dp dz 



a«inime« the opposite value bj writiuff 
the accented letters in the place of the 
Tmaccented and vice Tersa. If from the 
value of i^ in terms of K and £ ve obtain 

jj we will see that this qnantity does not 

alter hy the interchang'e of accented and 
imaccented letters, consequently 
qtiantity 



d't'/ 'Ik 
■IkVdp-^ 



<Jk\ 



aHsnmes the opposite value after the in- 
terchange. We have by partial differen 
tiation of ^ 

dp ~ dp dk dp 
_tlf dk 1 * 
" dk' dp s p 
d^_d^c7k 
dz ~ dk dz 
Consequently the above qtiantity aBSTunea 
the form 

d^ d0 1^ 
dp dz z 
And by virtue of the property proved for 
this qtiantity we know that 



e in- 
tren 

I 
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/• /•, d0 d^ 1 -\ 

pp'W d(Xd(X' 
But we have 

therefore 

Since now 

and 

dp dz 

this equation becomes 

J{wp—zs)p\d(T y'Pp\d(T=o 

/T 
{wp—zs)pXd(y=—' . 

We will now introduce the comple 
mentary modulus k' defined by 

we have for this modulus 



or 



If k is very nearly eqnai to unity, that 
it k" IK indefinitel; small we see that 
will \if> of the same order of magnitade 
an K, and again, that P will be of the 
name order as *. We will examine the 
order of K on the supposition that k" ie 
jllflnit«ly small. Since k' is iudelinitely 
mnaU, we have, neglecting higher powi 
than the second, 

Now 



"=/: 



Vl— A*Hin'0 



1 



=/, 



Vl— ain'(&+A'* ein*^ 



=f:. 



0^ 



*i/ CO&* ip + k" Bva^ iji 
or, by introducing an indefinitely small 
ijuftntity * which is, nevertheless, indefi- 
nitely Ifti-ge as regards k', 
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n 
2 



n 
2- 

'*'o«^ Vcos*^+A;* sin *^ 

It 
Write now in the first integral ^-^ in 

in place of W\ since throughout the in- 
tegral Q is small the integral becomes 



/ 



Vk'^+k^d 

= ^log ^p 

or since k' is infinitely small with regard 
to A;€ this is=^ log =^ or = log -' 

In the second integral k' sin ^ is 
throughout small as regards cos (p and 
this integral is 
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5-6 

2 



2 

€ 



/— ^= log tan \ -^TT-^^e [ 
0*^ COS (p ^ (2 2 ) 

or what is the same thing = log 

Hence we have 

2e 2 4 

Consequently for A;' indefinitely small we 
see that K is indefinitely large, and ^ 
and therefore P are indefinitely large of 
the order log k\ Of course ^ does not de- 
pend on E as for k nearly equal to unity 

we have, 

2;r 

E=y cos (p d(/>=zl. 



Representing the elliptic integral of the 
first kind as is usual by F, we have 

<P 

dip 



^=/: 



Vl—Aj^sin*^ 
and also 

E=y(l-A;asinV)e/^. 
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Differentiating for Tc^ and writing 
a/1— ^*sin *^=J 

Ik" J 2 

Now writing sin*^=: p- (1—^*) we see 
that these two integrals depend on 

the two first of these are F and E 
respectively; as regards the third, we 
have 

c? sin ^ cos ^_1— 2sin*^+A;*sinY 

or 

,j d sin ip cos tp ^A^^-k'^ —A- ^* 
dij)' A 2^ Z* 

and thence by integration, 

/^^__ 1 -pi__K*sin^cos^ 

The expressions for -^r , and -rj-, thus 
become. 



and for the complete functions whei 
When k' ia indefimitely small the first c 



by k . Now we have obviouely if k' beJ 
indefinitely small that -^^ ia of the order J 
,,-j. We had also 

dk k{z'-z) 



dk 



(2'-a)'+/'- 



dp 2,3(z'-3)» + (p'+/,)» 
These quantities are of the same ordei 
as A'. Therefore 

rf^ d^dkl ^ 

Up dk dp z p 
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and iW^d^ dk 

dz ~'dk dz 

are of the same order as t>- By the aid 

of these preliminary investigations we 
will now proceed to the examination of 
the case when only one vortex ring exists 
in the fluid, and will farther more sap- 
pose this ring to be of indefinitely small 
cross section and of the same order of 
magnitnde as the indefinitely small 
quantity £. We may again write as he- 
lore 

as m will be finite and as </(r is of the 

order £, X most be of the order-;- Aa- 

sxmie the equation of a circle siuch that 
the floid elements of which it Ls composed 
shall lie indefinitelv near the vortex fila- 
maat. Let its equations be 

Wehad. 



for all points lying at a finite dista 
from tlie circle. For these points by a 
of the equations 



V|0/), 



HI- 



' dz ' "^ dp 

we can find the valaes of s and w. But 
difficulty exists inasmuch as p^ and z, are 
ftmctions of the time aud as such will 
have to be determined, and to that end* 
it is necessary to consider the points that 
he indefinitely near the cu-cle, or points 
. in the vortex filament. 

Suppose that the two circles {p, a), (/>„ a^ 
are at a distance apart, that is of the same 
order as e. If we call r the distance 
between them, we have 

r*=/5'+/',*— 2/>/),cos9 + (s,--z)* 
or since ^ is indefinitely small 

this is of the same order as k'' therefore 
k' is of the same oi-der as £ — therefore 
by our preceding investigations we see 
^at P is of the same order as $ when k' 



I 
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is of the Bame order as e. And al§o tliat 
P is of the order log. e. AVe had for the 
energy 

T=2jr/P/)Adff 

therefore T is of the same order as log. c. J 
The preceding investigations taken in I 
connection with the equations 

(h dp 

show that inside the vortex i-ing s and w 
are of the same order as-- We will now 
examine more closely p^ and s„. We have 

p,Y\(T=fp''Xd(T 

zJp^XdG =/sp^Miy 
We aesume that X is constantly of the I 
same sign, consequently the circle {p^2^ 
lies either in or indefinitely near the | 
TOrtex filament. 

Now we found that, \da not varying J 
with the time. 



/ /'^Adff= const 



consequently p, does not vary with ( 
That is, if only one vortex glj 
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ment exists in the duid its radine will r 
main Tmalt«red, dniiog the motioi 
Now to examine z,. We have 

eqiiation 

fxda=m 
(rom these 

Differentiating with respect to t 

But we had also 
2-T= J'{wp-sz)p\ds 

=""■•'5'-^ /"'■**''"" 
conBeqnentlf 

T, we have seen, is constant and inJ 



J au 



nitely great, of the same order as log e; I 

the di£Ference between the values of ?, in | 
the eecond member, we know to be of 

the same order as e, and we have seen i 

that -4- ia of the order of — ; 
rfr e 

qnently the second member of the 

ri^fat hand side of the equation is finite. 

Therefore, it follows that - ;' is infinitely 

great of the order of log *, and, neglect- 
ing the finite term — is constant. Since 

T is positive, ^ must have the same 

sign as m, i. e., as A. Thus, if only one 
TOrtes ring exist in the fluid, it will re- . 
tain its radiua unaJtered during the mo- 
tion, and will advance in the direction of 

the axis of z with the velocity -5-'. Now, 

as this vortex motion implies motion in 
all the particles of the fluid we have, that 
all the fluid particles at a finite distance 
firom the filament flow through the ring 
in the direction of z, or the reverse, ao- 
eording to the sign A. If 3=o, we have I 
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A ^^7;, itnd, according to the con- 
vention for positive rotation we have, 
that the motion in the direction of z will 
be positive, if, in the case 0=o, 7} is pos- 
itive. Therefore, it foDowa that the ring 
is moving in the same direction as the 
fluid purtides are flowing. I will now 
give the concluding rema.-ks of Helm- 
hotz's great memoir as nearly as may be. 
We can now readily see in general how 
two vortex rings having the same axis 
wUl move with reference to each other, 
by observing that each will have its mo- 
tion modifled, due by the motion of tils 
particles of fluid, due to the rotation of 
the other. Suppose that both rings 
have the same direction of rotation, then 
they will both move forward in the same 
dii-ection, and the former will widen and 
move more slowly, while the latter will 
contract and move forward more rapidly, 
finally overtakiBg and passing through 
the former, when the same operation will 
be repeated, the rings continually chang- 
ing position throughout the motion. 
Suppose that the vortex lings have 
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eqnal radii, the result is not elmnged in 
the case of the same direction of rota- 
tion existing for both. But now let 
them equal radii, and equal but opposite 
angnlar velocities; they will approach 
each other, and lx>th will expand — ap- 
proaching very near the effect of one 
upon the other is greatly increased — 
and they expand with constantly increas- 
ing velocity. 

Now suppose that the rings having 
equal and opposite angular velocities, 
are symmetrical to each other. Then 
the motion in the direction of the 
asds of those particles that he midway 
between the rings is o. "We can con- 
ceive this surface in which these particles 
lie as a fixed boomtary, and we have the 
ease of vortex rings moving in contact 
with a fi-xed surface. These lings can be 
readily formed in water ; or, rather, half 
rings can be formed, if we draw through 
the water rapidly, and for a short dis- 
tance, a half immersed hemispherical 
Tessel. Half rings will be fomied i 
vater, having their axes in the fine but- 



face of the flnid, which will w 
ae deeeribed in the theory. The free si 
face of the water will form a limiting 
plane, passing tlu-uiigh the axes of tlie 
rings, and will not affect the motion. 
Bings of tobacco smoke have a rapid mo- 
tion fonvards in the direction of and dae 
to the impulsive force which produced 
them ; at the same time the ring 
through itself iu the direction of the mi 
tion of translation. 

It is very interesting to observe the 
motions of smoke rings, and for thia 
purpose the following simple appai'atus, 
which has been described in a great many 
places, will be found useful; A rough 
bos, about ten inches loug, and the same 
height and width, ia large enough; one 
end of the box to be open, and over this 
stitch a piece of doth or rubber; make a 
hole, about three inches in diameter, ia 
the opposite end of the box, tind 
ber of shdes having smaller holes 
them, to be placed over the larger opi 
ing and coneentiic with it. Now plao^ij 
inside of the bos a vessel containing salt 



;©d 



on which poiir strong Bulphimc acid; 

and also place in the box a piece of cot- 
ton aatiirated ivith ammonia; fumes of 
loniiim phloride w-ill immediately fill 
the Vos. Now tap on the stretched mem- 
biane; rings will issue from the hole in 
the slide at the opposite end, and will 
move forward with velocities proportional 
to the force of the blow struck. A very 
light tap is all that is necessary, and, in- 
deed, is aU that can be given, if it is de- 
sired to investigate the motion, ae, other- 
the rings move forward with such 
■velocity that they can scarcely be fol- 
lowed with the eye. If the ringa are al- 
lowed to impinge upon a surface, the ro- 
tational velocity is suddenly increased 
Teiy much, and the rings thus spread out 
over the surface. 

The same effects will be noticed if two 
rings be allowed to meet each other in 
•their motion through the air. If the ori- 
fice be elliptic, the rings will be seen to 
.interchange rapidly their ases, vibrating 
about a mean circular position. 

If babbles of phosphm-etted hydrogen 
be allowed to escape into the air, each 



bubble, as it breaks, forms a vortex ring 
of phosphoric anhydride, which ie com- 
posed of a number of small rings. 

The reader is advised to read, on the 
subject of vortex motion, Sir William 
Thomson's paper in the Edinburgh 
Transactions for 1869; also an article by 
D. Bobylew, in the Mathemutische Atv- 
nalen. Vol. "VT., in which he shows that 
the equation lok— const, is true not only 
for frictionless fluids, but also for those 
in which the friction has to be taken into 
account. 

The following articles will also be 
found to contain much of interest: On 
the Motion of Water in a Eotating Eectan- 
gular Prism, A. G. Greenhill, Qiiarterlj/ 
Journal of Mathematics for Nov., 1877; 
on Plane Vortex Motion, by^the same au- 
thor, and in the Jime number of the 
same journal for 1877. There are also 
several interestuig articles in the Messen- 
ger of Mathematics for the year 1878, 
notably one of vortex motion in elliptic 
cylinders! and on the motion of a hquid 
in a rotating quadi-antal cylinder. 
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